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Abstract

This supplementary material provides detailed technical proofs for the theoretical results
in the paper in the first four sections. Section 5 includes an additional simulation study,
along with complementary details about our simulation setup. Section 6 offers further in-
formation on the macroeconomic dataset, while Section 7 presents an empirical study on

realized volatility.

S1 Notations and preliminaries

S1.1 Brief introduction to tensor notations and decomposition

This subsection gives a brief introduction to tensor notations and Tucker decomposition, and a
detailed review on tensor notations and operations can be referred to in |Kolda and Bader| (2009).
Tensors, also known as multidimensional arrays, are higher-order extensions of matrices, and a
multidimensional array A € R4* %4k ig called a K-th-order tensor, where the order of a tensor

is known as the dimension, way or mode. This paper concentrates on third-order tensors.



For a tensor A € R%*%xds jtg element is denoted by A;j for 1 < i < di,1 < j < dy and
1 < k < d3, and the Frobenius norm is defined as [|Afr = 4/>; 4 A?jk. We define its mode-1
multiplication with a matrix B € R™>*Pt as A x; B € RP*92%% with elements of (A x; B)yji =
Zf’;l A;jxBei. The mode-2 and -3 multiplications, x5 and X3, can be defined similarly.

Matricization or unfolding is an operation to reshape a tensor into matrices of different sizes,
and it can help to link the concepts and properties of matrices to those of tensors. The mode-1
matricization of A is defined as Ay € R"*%%  whose {i, (k — 1)d3 + j}-th entry is A, for all
possible i’s, j’s and k’s, i.e. A(j) contains all mode-1 fibers {(A ;) ER" 11 < j < dy, 1 <k <
ds}. We can similarly define the mode-2 and -3 matricizations of A, denoted by A,y € R2xd1ds and
Az € R¥*hd2 regpectively. When the tensor A has a form of Ay = (Ay, ..., Ag,) with A; €
RM>*% for all 1 < j < ds, it holds that Ay = (A],..., Ay,) and Az = (vec(Ay), ..., vec(Aq,))

The multilinear ranks of a tensor A € R41*42%4s is defined as (ry, 7, 73), where
r1 = rank(A), r2 = rank(A)) and 73 = rank(As)).
Accordingly, there exists a Tucker decomposition (Tucker| 1966]),
A=9Gx,U; xoUy x3Us,

where G € R™>*™2*73 5 the core tensor, U; € R%*" with 1 < j < 3 are factor matrices. Note
that the Tucker decomposition is not unique, since A = G x; Uy xo Us x3 U3z = (G x1 O1 X3
O x3 03) x1 (U,07") x5 (Uy05") x3 (U303*) for any invertible matrices O; € R"*™ with
1 < i < 3. We can consider the higher order singular value decomposition (HOSVD) of A, a
special Tucker decomposition uniquely defined by choosing U; as the tall matrix consisting of the
top 7; left singular vectors of A(; and then setting G = A x, UlT Xo o Xg U(I. Note that U,’s
are orthonormal, i.e. U;U; = I,, with 1 <i < d.

The three ranks, r;, ro and rs, are not equal in general. In particular, when r3 = ds, the
multilinear ranks of A are denoted by (r,rs) instead, omitting the rank of mode-3 matricization.
The multilinear ranks are also known as Tucker ranks, as they are closely related to the Tucker

decomposition. There are many other tensor decomposition methods, such as CP decomposition



(Kolda and Bader| 2009), and the ranks of a tensor can be defined in many different ways.

S1.2 More notations and preliminaries used in technical proofs

This subsection gives more notations and preliminaries. Let 471 = {X € R? | ||X|, = 1} be the
unit sphere of R? in Euclidean norm. For n > 2, let S4 > >dn=1 = {30 ¢ RO | |X|[p = 1} be
the unit sphere of R%>**dn in Frobenius norm. Moreover, for any positive integer r < N, denote

the set of unit matrices with rank at most r by
Op(r) = {M e RN | |M|g = 1,rank(M) < r}.

Consider a tensor A € RY*N*T0 guch that A1) = (A1, As, ..., Ag), L.e. A;is the j-th frontal
slice of A. For any index set S < {1,...,Ty} with cardinality |S| = s, denote by Ag € RV*NxTo
such that its j-th frontal slice is A; if j € S, and a zero matrix if j ¢ S. Let |A|; = Z]Til | A;|r,
and it holds that

lA[; = [As]s + |Ase

t) (S1)

where S¢ = {1,...,Tp}\S. Moreover, it can be verified that

[l = X 1 Adle <, 1S 1 AR < /s Ae. (52)
=N €S

Recall that Y = (yr,y7 1,---,¥1+1) € RV and X = (xp, X7 1,...,Xq,11) € RVToxT1,

where x; = (y{_1,¥i_a,---»¥i_g,), for To +1 <t < T. We further denote

0
* N xT
T = Z Ath—jy R = (TT,TT_l,...,TTO+1) eR 1

j=To+1
and
& =7 +e, E=R+E&=@Er&r,. .. Ens) RV
where € = (er,er_1,...,€n,+1). In addition, we partition X into Ty blocks such that X =

(X7,...,X7,), where the j-th block is the N x Ty matrix

X] = (nyijTflf]ﬁ"‘7yTo+lfj) ERNXT17 ] = 17"'7T0' (83)
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Let

I'(0) I'(1) (7o — 1)
! T T T’ TO —
R U I
(T - 1) T -2) ro |
whose (i, j)-th block is
X X!

I‘(z’—j)z]E(

T ) =E(y, iy, ;) e RN, 1<i<j<Th.

S2 Proof of Proposition

For a certain general linear process, y; = &; —1—2?;1 W.e,_;, with fixed ry, 7o and [V, it is implied by
Assumption 1| that 77 [¥;[r < oo and, by directly following (2.2) in [Lewis and Reinsel (1985)

and its discussion, its VAR(c0) representation can be uniquely identified below,

o0 7—1
Yt = Z Ath—j + &4, with Aj = \I’j - Z lIlj—k:Alm V] = 1. (Sl)
j=1 k=1

Moreover, it can be easily verified that 3 2 | [ A;]o, < o0.
Let M; = colspace{¥;,j > 1} and My = rowspace{W;,j = 1} be the column and row spaces

of coefficient matrices ¥;’s, respectively. We first show by induction that for all j > 1,
colspace(A;) € M; and rowspace(A;) < Ma. (S2)

Since A; = @4, holds trivially for 7 = 1. Suppose that holds for all j < k, then, by
the fact that A; = ¥; — 2?;11 v, A, also holds for j = k + 1. And hence the induction is
completed.

In addition, it can also be verified with ¥; = A; + ?;11 AW,y for all 7 > 1. By a method

similar to , we can show that
M; < colspace{A;,j =1} and M, < rowspace{A;,j > 1}.

This hence accomplishes the proof.



S3 Proofs of theoretical results in Section 4.1

We first give the proofs of Theorems [I] and [2, and Corollary [1] in Sections B.1-B.4, respectively.
Section B.5 gives four lemmas used in the proof of Theorem [I| and two auxiliary lemmas are

provided in Section B.6.

S3.1 Proof of Theorem
Let A = A — A*. Since A, A* € ©(ry,75), we can show that A € ©(2ry,2ry) = {A € RV*NxTo
rank(A;)) < 27,4 = 1,2}. By the optimality of A, we have
1 1 2 1 1 * 2 *
o 1Y —AnXle + Ay < o ¥ = Al X + AJA - (S1)

Define the event
1 ~
81 = { sup <A(1), TSX/> < )\/2} s
1

AeOy (2r1,2r2)

where

Oy(ry, 1) = {A e RVNxTo | rank(A)) < 1,1 =1,2,[|A|; = 1}. (S2)
It is then implied by that, on the event &,
(I <1y o A
~| B X} < 20, —EX + 27 (JA*]; - |4l
1 1

~ 1 ~ . ~
<2[Afy  sup (A, 7 EX) + 20 (AT — A
T

AeOy(2r1 2r2)
<A {IAJ; +2 (A - 1Al §
<A (4155 + 3185l — 1 Bsely) (33)
where the last inequality follows from and the triangle inequality. Moreover, since the left
hand side of is non-negative, we have A € C(S) n ©(2ry, 2r5), where the restricted set C(S)

is defined as

C(S) = {A e RV | Age |y < 3| Aglly + 4] A} -
For any A € C(S), by the triangle inequality and (S2)), we have
|AJF < (4] As]s + 41 A%]1)° < 325 AR + 32] A% ;. (54)

5



On the other hand, let & be the event that the following restricted eigenvalue (RE) condition
holds:
1 X X
TIAGXIE > wrsclAl — PIAJ forall ARV,

where 72 = C+/(N +logTy)/T;. Note that, from and (S3), Ty AW X|2 < 4\|AL]; +
3)\\/§||A||F As a result, from and on the event & N &,
* A N % K A *
AN AGe | + 305 Allp = (srsc — 327%s) |AlF — 3277 |AL} = %HAH% — 327 A% 3, (S5)
if s < krse/(6472), i.e., as long as
T1 = 52(N + log To) (86)

In view of (S5]), by solving the quadratic function in |Ar we can show that, on the event & M &,
if holds, then

|A[f < rrsc(Ws + XAy + 72 A [§)- (S7)
Since
1z ! 1 / 1 !
sup (Aqy, - €X) < sup (A, E€XD+  sup (Ag), 7 RXD),
A€@¢(2T1,2T2) 1 A€@¢(2T1,2T2) 1 AE@i(QTl,QT‘Q) 1

by Lemmas and if A 2 4/{(r1 A m2)N +log Ty}/T1, we then have

1 N +logTi
P(glc) < P{ sup <A(1)7 jTlg-X,> > C\/(Tl A TQ)TI + log 0} < C«e—(rl/\rg)N—logTo' (SS)

AE@i(er,Qrz)

In addition, by Lemma (B.3]
P(E5) < CemNloeTo, (S9)

Combining (S7)—(S9), we prove the upper bound for |Alr.
Lastly, by and , we have

I * A * A
B0 X T <A (445 )s + 3Vl Alle) S AJAZ ] + %5 + A3,

since 2\y/s|Alp < A%s + |A 2. Combining this with (S7)-(S9) and the condition in (S6), we can

similarly prove the upper bound for TleA(l)XH%.



S3.2 Proof of Theorem [2

By Assumptions 2| & [4| and the low-rank conditions at ({2.1)),

_ Z A*2<(r1/\7“2)p2T°<7“1/\7"2 o1
cwme = 3 IA5F < 2 < S (10)
Jj=To+1

which is clearly dominated by |A |2 in under the condition on . Therefore, combining

and (S10)), we have that, with probability at least 1 — C'e~(riAr2)N—logTo,
Cest (o) = [ Ao = AL = IA[Z + eirune S Frdo(N%s + A AL + 72| A% 7). (S11)

Moreover, by and , we have with probability at least 1 — Ce=(r1Am2)N—logTo

T ~
Z A% + 743

t=Tp+1

1~ 2 1
= —|ANX|2 + —(AH X, R+ —||R|?
780X [E+ (A0 X. B + 7| Rl

. 1
€pred (‘Aoo) = =

(S12)

1 - ~ 1 1
< 7T”A(l)XH% +2[Alr  sup  (Ap, TTRXI> + 7T”R”%
1 Ae@i(er,QT‘Q) 1 1

D,
where the last inequality uses Theorem [I| Lemmas and [B.4]

Next, we characterize the optimal bounds for e (./Aloo) in and epred(floo) in (S12). Con-
sider a family of subsets indexed by a threshold v > 0: S, = {j e {1,..., T} | |A}|r > 7}, and
let S = {1,...,To}\S,. Note that under Assumption |2 2 and the low-rank conditions at (2.4)),
|AZ e < Cy/ri Arap’ for j = 1. Let Q, be the smallest integer such that C\/ri AT5p’ <y for all
Jj = @Q,. Then,

log(C'y/r1 A T2/7)
Q, = [ v | (513)
log(1/p)
where [-] is the ceiling function. Moreover, since C'\/71 A 7209 < 7, we have
T() Q0 )
Al = D Alle+ Y, [Alle<7Qy+ D, Cviang $9Q,,  (S14)
JESSM{L,...,.Q4} J=Q~+1 J=Qy+1

as long as @, = ¢ for some absolute constant ¢ > 0. Since [|Af|r >y > Cv/Np@ for any j € S,
we have S, € {1,...,Q,}, and hence |S,| < Q.. Then, the upper bounds of \?|S,| and )\||A§$ t
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ie.,, A2Q, and \yQ,, are balanced when v = X. With this choice of v and the rate of A specified
in the theorem, by (S13)), we can show that

log T}
Qv S 7~
"= Tog(1/p)

and 7°Q, < C. Thus, 7| A7 is dominated by AL ;. From (S1i), eest(Aw) < N2Q,. In
addition, substituting the upper bound of |5, |, i.e., logT1/log(1/p), into the sample size condition
in Theorem |1} we have (4.2)). As a result, the upper bound for eq (floo) in this theorem holds.

Finally, the result for epeq (floo) can be proved by a similar method.

S3.3 Proof of Corollary

This proof largely follows from the proof of Theorem [I] in Section For the finite-order AR
model with a fixed order Ty, A} = 0 for all j > Ty + 1 leading to R = 0 and E=¢. Subsequently,

the event &, becomes

1
E = { sup (A, TSX'> < /\/2} ,
1

AE@T_ (27‘1 ,27‘2)

and its probability can be established directly from Lemma[B.I] Meanwhile, the other intermediate
steps are the same as in the proof of Theorem [I]in Section [S3.1]

S3.4 Four lemmas used in the proof of Theorem

We first state the four lemmas and then give their technical proofs.

Lemma B.1. Suppose that Assumptions f@ hold. If Ty Z (r1 A ro)N + log Ty, then

P sup <A(1), i8){/> = C (Tl A TQ)N + 10g TO < Cef(m /\TQ)N*lOgTO.
A€@1(2T1,2r2) Tl Tl

Lemma B.2. Suppose that Assumptions f hold. If Ty = (r1 A re)N + log Tp, then

1 N
P sup <A(1), —RX'> > C’£ < Oe—(rl /\TQ)N—logTO'
Ae®4(2r1,2r2) T T



Lemma B.3 (RE condition). Suppose that Assumptions[1] —[3 hold. If Ty 2 N +1log Ty, then with

probability at least 1 — Ce~N718T0 the following RE condition is satisfied:

1
T IAWX [ = mrscl Al = T*|Aly forall - A e RY,
1

where Krsc = Amin (Be) fhmin (P) and 72 = C\/(N + log 1)/ T .

Lemma B.4. If Assumptions[1] —[{ hold, then

S3.4.1 Proof of Lemma [B.1]

The proof of Lemma relies on the following discretization result.

Lemma B.5 (Discretization). Let Op(2rmi) be a minimal 1/2-net for ©p(2ry) in the Frobenius
norm.

sup Ay, EXY <4 max max (M,EX"),
AE@i (27’1,27‘2)< (1) > 1<j<TO MEG)F(zrmin)< ]>

Where Tmin = 71 A T2, and O(2ry,2ry) is defined as in (S2)).

Proof of Lemma[B.§. For any A € ©:(2rq,2ry), there exist H € R¥1x2r2xTo 7, e ON*?"1 and
U, € ON*22 guch that
Azf}fxlUl ><2U2.

By the orthonormality of Uy and U, we have |H|; = |Al;. Let Hny = (Hy, ..., Hy,), where
H;e R?"1%272 gre the frontal slices. Note that

To
<A(1), EX'y = <U1f}C(1)(ITO RU,), EX") = <f}C(1), U EX' (I7,@U,)) = Z<Hj, U’18X;U2>.

Jj=1



Then we can show that

sup (A, EX') < sup sup Z<HJ’UI EXU,)
A€91(2r1,27‘2) U1eON*2r1 UyeON *2r2 2T01 |H =1 j=1
= sup max |U1EXUs|r

U1€ONX2T1 UQGONXQ’I’Q 1<J<TO

= max sup sup (M, UEXU,) (515)

1<y5<To U, eoNx2r1 UseONX2r2 MeS§271 X212

= max sup sup <U1MU'2,8X;>

1<j<To U, eoNx2r1 U, cONx2ry pNfeS2r1 X272

= max sup (M,EX").
1<7<To Me®p (2rmin) !

Since Op(27min) is a minimal 1/2-net for Op(2ry;,) in the Frobenius norm, for any M e
Op(2rmin ), there exists M € Op(2ry;,) such that | M — M |r < 1/2. Notice that M — M is of rank
at most 4rm;,. Then, we can find T'y, Ts, each with rank at most 2ry,, such that M—M = T1+T,
and (T, T,) = 0. Moreover, it holds |T|r + |Ta|r < V2|T1 + Ta|r = vV2|M — M|y < v/2/2,
and T;/|T;|r € Op(2rmm). As a result, we can show that

sup  (M,EX) = sup {<M EX') + Z< ,EX DT ||F}
Me®p (2 min) Me®p (2rmin) T H

< max  (MEX)+ (T +|Toly)  swp  (MEX)
MEQF(ZFmin) MG@F(QTmm)

_ 2
< max (M,EX)+ % sup (M, EX)),

MEGF(QTmin) ME@F(2Tmin)
which implies
sup  (ML,EX') <4 max (M,EX)). (S16)
MG@F(QTmin) ME@F(Qrmin)
By combining (S15)) and (S16)), we accomplish the proof of this lemma. ]

Now we are ready to prove Lemma [B.1]

Proof of Lemma [B.1. Let ©p(2ry,) be a minimal 1/2-net of ®p(2ry,) in the Frobenius norm,

where 7y, = 11 A 9. Then its cardinality satisfies

10g |OF (27 min)| < (4N + 2)7min log 18 < 187, N; (S17)
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see Lemma 3.1 of |Candes and Plan (2011)). Denote lv)M = 187y NV +1log Ty. By (S17) and Lemma
B.5], for any K > 0, we have

1
P ( sup <A(1), ﬁEXI> = K)

AE@I (27‘1 ,27‘2)

1<k<Ty ME@F(Q”'mm)

<P(Im max _<M EX)) > K/4) (518)

< Tp|Op(2rmin)| max max ]P( (M,EX ) = K/4)

1<k<To |M|p=1

~

<exp(Dy) max max IP’( (M,EX}) > K/4).

1<k<Tp |[M|r=1

Since g, = X12¢, and y, = Z;io \P;Ei/zﬁt_j, for any 1 < k < Ty, we have

(M,EX) = Z (M.ey, > Z M. E”&Zé - j21/2\11*'>

t=Tp+1 t=Tp+1

] T
= <M7 2;/2&5271673'2;/2‘1’;5
j=0t=To+1
0 T —
= <Mj£tfk7j7€t>a
2,
§=0t=To+1

where

M; =32 MEs?

Note that for any fixed £ and j and any d; € (0, 1], by Lemma (i), we have

P{ > <Mj£t_k_j,st>>cazz\7jF{loga/aj)ﬂ/n 1og<1/6j>}} <24,

a; = 0| B, s {mg(l/aj) /T 1og(1/6j>} .
( (M,EX)) > i > <2

] =0

For simplicity, denote

Then it follows that

i 5;. (S19)

Moreover, by Assumption [2] if [M s = 1, then | M;]r < Anax(Se)|M]e|®%]o, < Cpi. By
choosing

6; = exp { —4p™ 2D,/ 10g(1/p)}

11



ie., log(1/d;) = 4p~GHDR2D  /1og(1/p), we can show that

LS <12 T D iy | TP
T 20 T 20 log(1/p) log(1/p)
a2 1 D 1 D

Vvp—rp Tilog(l/p) = p'*—p '\ Tilog(1/p)

D
< O ——. S20
- (s20)
In addition, using the inequality z* > klogx for any £ > 0 and = > 1, we can show that
] ] o —2D
Do < Y e Utba e (S21)
j=0  j=0 1 —e720m
Combining (S19)—(S21)), if |M|r = 1, for any 1 < k < P, we have
1 D 2e=2D .
Pl lamexysoy /2l o 27 oo b
T1< 7 2% T 1 —e2Dm ‘ ’
which together with (S18)) and 77 = D A implies the result of Lemma O

S3.4.2 Proof of Lemma [B.2l

Note that RX' = (RX,...,RX7,). Along the lines of Lemma in Section [S3.4.1, we can

show the following discretization result:

sup Aqy, RX") <4 max max M,RX).
AE@i(2T1,2T2)< (1) > 1<k<TO M€e2(27'min)< k>

Then, similarly to (S18)), for any K > 0, by (S17)), we have

1
P sup (A, =RX") > K
AE@:(2T’1,27‘2) T].

~

1
< exp(Dy) max max P <T<M’ RX)) > K/4) : (S522)
1

1<k<Ty |M|p=1

where lv)M = 18(ry A r9)N + log Tp.
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Since y; = Z] P 21/2£t _j, for any 1 < k < Tj, we have

(M,RX}) = Z (M, iy )

t=To+1
T 0 0 ]
= > (M, )] A;Zw;‘zyzeuiZs;_k_ezi/sz’>
t=To+1 j=To+1 1=0 =0

o0 o0 a0 T
= 3NN S (M Aers, g, Sy
j=To+1i=00=0t=Ty+1
Q0 [e o] e 0] T

- Z Z Z Z <Mi,j,€5t—k—za §—j—i) = DBi1+ By, (523)

j=To+1i=0¢=0 t=Tp+1

where

0 T
B, = Z Z Z Z (M08 1 §j )il #i+j— ki,
, : <

0 0 T
By = . Z Z Z Z <Mi,j,€€tfkfb€tfjfi>]{£ =i+j—kj,

with I(-) being the indicator function, and
M ;= SP0Y A MEE,

. . T ~ T~
Note that for any fixed i, j, £, we can write 3,  \[(M;e& ¢, & ;i) = ZtiT6<Mi,j,€€tfsa I
with Ty =Ty +1—j—i4, 7] =T —j—iand s =k +{—j—1i (cf. Lemma|B.7). In addition, note
that T/ — T + 1 = T.

Then, by Lemma and a method similar to that for (S19)), for any fixed k, we can show that

P(Bl> i iiczai,j,ﬂ{f;éwj—k})s i ii%i,jﬂ{fﬂﬂ—k}

j=To+1:=0£=0 j=To+11=0¢=0

IP’{ Z ZZ C’b”ngc”gl{f—erj—k}}é Z 225i,j,e[{€=i+j—/f}a
7=To+ 1=04=0

§=To+1i=0£=0

where 0; ;0 € (0,1) will be specified shortly (see (S26) below), and

bi,j,f = 02HMi,j,£”F {log(l/éi,j,g) + A/ Tl log(l/éi,jyg)} and Ci,j,ﬂ = TlmHMi,j,Z”P“
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Combining the above inequalities with (S23)), we have

{ (M,RX}) i ii Z]g+— Z ZZCZMI{E—Z—F]—/C}}

g=T0+17,:O€:0 ] =Tp+11=0¢=0

<2 i Z Z Sijit- (S24)

j=To+1i=0£=0

Note that by Assumption , if |[M|r = 1, we can upper bound each HMW!HF as follows:
[ M jelle < Amax(Be) AT [op 27 lop | BF lop | M |r < Cp' .

Then, for any 1 < k < T}, we have

o8} oo 0 © o
S SN egelit =it j— k< CTVN YY) e
j=To+1i=0¢=0 =T 120

(1 - ) T- g Ve

< CVN, (S25)

where the last inequality follows from Assumption [}

Moreover, by choosing

b5 = exp {29702 D 1og(1/p)} (526)

ie., log(1/6; ;) = 2p*(”j”)/21VDM/log(1/p), we can similarly show that

0 0 0 o 0 ® i+ i4+0)/2 19 h
Z ZZb < Co? Z ZZ M+ s(i+i+0/a, | L1Dm
e log(1/p) " log(1/p)
j=To+1i=0 =0 j=To+1i=0£=0 og(1/p og\l/p
o) NP PPDa PP Dy
(1—y/p)* log(l/p) ~ (1—p¥4)3 log(1/p)
bM V b/\/l
<C
T * 11
D
<=2, S27
i (527)

where Assumption [4] is used in the second to last inequality:.
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In addition, similarly to (S21)), we can show that

—(To+1)D g

N NSs XSS ew{-rie0bu} - s

j=To+1i=0£=0 j=To+1i=0 (=0 (1—€_DM)

Combining (S24])), (S25)), (S27) and (S28)), if |M|r = 1, for any 1 < k < Tp, we have

\/N} 267(To+1)lv)M
<

B ()

Combining this with (S22)) and 7} = D v, we accomplish the proof of this lemma.

3 < Ce Pm,

{ (M,RX)) >

S3.4.3 Proof of Lemma [B.3

The proof of Lemma relies on the following result.

Lemma B.6. Suppose that Assumptions |1 —[3 hold. If Ty 2 N + log Ty, then

b ¢

1

—T(i—j)

1<i<Tp 1<5<To

]P’{ max max > 7—2} < Qe N-logTo
op

where 72 = C/(N + log Ty)/T1.

Proof. Let S¥~! be a minimal 1/4-net of S¥~! in the Euclidean norm. By [Vershynin| (2010)), its
cardinality satisfies |SV=!| < 9V, and for any fixed 1 < 4,5 < Tp,

, [ XX (i — )
u T 1—7)rul.

1

<2 max,
op ueSN—

—T@i—J)

X, X!
(h

Denote INDM = Nlog9 + 2logTy. Hence, for any K > 0, we have

ZK}
op
ZK}
op

X X'
< T? max max IP’{ L —T(i—j)

XX

T

L —T(i—j)

1<6<To 1<5<To

P{ max max

1<i<To 1<j<Tho T,

2| GN—-1 o XiX;'
< T518Y | max max max P —T@i—j)ru|=K/2
1<i<To 1<j<T0 [ul2=1 |
< exp(D pllw (XX p > K/2 529
< exp(Dy) max max max P ju — (1—J)rul =K/ (529)
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Since y; = 23 P 21/2£t _j, for any 1 <4, j <Tj, we have

u'X; X' u oy yl w1 &S L . .
D M ek ) SO DD DERTA 10y JHRT AP D L
1 t=Tp+1 1 L k=00=0t=Tp+1
1 a0 o0 T
> (M i€, j & s 1) =G1+Ga,  (S30)
I k=0 (=0 t=Tp+1
where
1 [celo} T —
T Z Z Z (M o&i—j: &) I{ # i+ k= j},
k=0 (=0 t=To+1
e 0]

1 0 T —
= Z Z Z <Mk,€€tfjf£7€t7i7k>]{£ =i+k—j},
IS S

with I(-) being the indicator function, and

M, = S0y U2,

By Lemma and a method similar to the proof of Lemma [B.2] we can show that

<|G1/ ZZbHI{é;&Hk ﬁ)giizlak,ﬂ{mwk—j}

k 04=0 k=0¢=0
and
P{|G2—E(G2)|>T;J;kaﬂ{e:zw—g}}<I;);)25k,ff{£:z+k—]},

where d; 0 € (0,1) will be specified below, and

bkl ZZOEHj;?ijF {10g(1/5k1)'+ 7&10g(1/5k1)}.

Since E(G;) = 0, combining the above results with (S30]), we have

P{u{X.X; F(Z—j} ‘ ZZW}

lkOZO

{|G1|+|G2 > ZZbM}

1 k=0¢=0

A3 G (S31)
k=0/£=0
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Note that by Assumption [2] if |u[, = 1, we have
[ M kele < Amax(32) [ op [ €7 lop < Cp™.
Then, by choosing

Oke = €xp {—4,0’(’””1)/215/\4/log(l/p)} )

i.e., log(1/0) = 4p~®+HD2]  /log(1/p), we have

~

1 i ibkz _ Co? i Z | plren2p L s/ 11D

hes ™ - T /e log(l/p) log(1/p)
oo 1 D . 1 _ Dy
V(L= /p)? Tilog(l/p) = p*4(1—p**)? '\ Tilog(1/p)
D
<O ——. S32
> (532)
In addition, similarly to the proof of Lemma [B.I] we can show that
0 W 0 672[3/"’
O < e 2k+e+1)D _—. (S33)
D T T
By (S31)-(S33), if [[ulls = 1, for any 1 <4, j < Tp, we have
X X D de=2Dm 75
P< |u RS S ) o7 i O R g P o)
T T (1 —e2Pm)2
Combining this with (S29) and 77 > D, we accomplish the proof of this lemma. O

Now we are ready to prove Lemma [B.3|

Proof of Lemma[B.5. By Basu and Michailidis| (2015)), we have opmin(E7,) = Amin () phmin (Ps) =

krsc, and hence

E(AnXIE)

T = tr (AR, Afy) = Onin(In,)|Alf > frsc| Al (S34)
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Moreover, observe that

AnX|E—E(|AnX|? XXx'
IAQX[E —E (JAwXF)] ztr{A(l)( —ETO) A,(l)}

T T
To TQ XlXI
ZZZtr[A,{ ]—F(z—j)}A;]
i=1j=1 T
To TO szl
< U IARIA T *—T(i—j)
i=1j=1 1 op
X, X'
< |A[f max max LT —75)| .
1<i<To 1<5<Thy 1 op
As a result, for any A € RV*V*To we have
1 , - E(lAwX[E)  [lAqX]E -E(|AwX]3)|
= 1AwXE = =
Tl T1 Tl
2 2 XiX;‘ S
> krsc|Alp — Al max max -Ti—-j)| -
1<i<Tp 1<5<T) 1 op
Combining this with Lemma [B.6| we accomplish the proof of Lemma [B.3| O
S3.4.4 Proof of Lemma [B.4]
Since ry = 35 1 ATV = 20 001 2o A;\PZEi/thfjfg, we have
T T 0 0 [colNee]
2 ® Ty * ® \y *
RE= Y Goro= Y X 2 DX (Awrnie  Awsie )

t=Tp+1 t=To+1i=To+1 j=To+1 k=0 £=0
a0 [ee) oo T
= D0 D0 20 D Mg i€
i=Tp+1 j=To+1 k=0 £=0t=Tp+1
and

~

Mo =SPUyAY AU,

Then, by Lemma and a method similar to the proof of Lemma [B.2] we can show that

P{||R||§>C DO D> bkt DL D chi,j,k,gl{fzim—j}}

i=Th+1 j=Tp+1 k=0 £=0 i=Ty+1 j=To+1 k=0 £=0

<2 Z Z Z Z i j ket (S35)

i=To+1 j=Tp+1 k=0 £=0
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where I(-) is the indicator function, ¢; ;4. € (0,1) will be specified shortly,

bigae = 0| M pel {1083(1/ Oijik.e) + \/ Ty log(1/ 5i,j,k,£)}
and
Cijie = TV N| M i ollp.

By Assumption 2] and

I M jlp < Aumax(32) €7 op | A e AT lop [ op < o™ A .

Then, since ¢; j ¢ = 0, we have

o0 o0 0

Z Z Z Z Ci,j,k,ﬁl{g =1 + k — ]} < Z Z Z Z C,'7j7k7g

i=To+1 j=To+1 k=0 ¢=0 i=To+1 j=To+1 k=0 ¢=0

ee} [colme el ) 0
SCTWN Y Y e 3T AL
i=To+1 k=0 £=0 j=To+1

- L VNT S 4]

(1=p)? . o

j=To+1
Cp?

< 7 Amax(Z) N T

(1—p)*
< CNp*o/2, (S36)

where the last but two inequality follows from Assumption [2| and the last inequality follows from

Assumption 4] Moreover, by choosing

0 js = exp {—2p  HFHEDZN 1og(1/p)}
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i.e., 1og(1/;1.0) = 24/5p CHHO2N /log(1/p), we can show that

PIRDIRPIPDILEY

i=To+1 j=To+1 k=0 £=0

(i+k+0+5)/2 [\ ' ) T, N
2 P 3(i+k+0+5)/4 1
coni 3 5SS I e [T

i=To+1 j=To+1 k=0 £=0 log(1/p)

(= o)t Tog(1/p) (1= pie \ Tog(1/p)
< Co’VN (pTON + \/m)

< CN3/2,OTO7

To 3/2 3To T, N (837)
_ C’azx/ﬁ{ P p P P 1 }

where we used Assumption 2| in the first inequality and Assumption [] in the second to last
inequality.
In addition, similarly to (S21]), we can show that

Z Z ZZ&]H Z Z ZZeXp{ (i+k+ 0+ 5)N}

i=To+1 j=To+1 k=0 ¢=0 i=To+1 j=To+1 k=0 ¢=0
67(T0+1)2N efTOZN

< - <
(1 —eN) (1—eN)
Combining (S35))—(S38)), the proof of this lemma is complete.

L < Ce ™. (S38)

S3.5 Two auxiliary lemmas

Below we present two auxiliary lemmas. Lemma is used in the proofs of Lemmas B.2
B.4] and [B.6, while Lemma establishes the basic martingale concentration bound which is

used to prove Lemmas [B.7] and [B.3]

Lemma B.7. Let Ty < T be arbitrary fived time points, and Ty = T — Ty. Suppose that &, is a

random vector with independent, zero-mean, unit-variance, o2-sub-Gaussian coordinates for any

To+1<t<T. Then

(i) for any 6 € (0,1], M € RY*N and fized nonzero integer 1 < s < T,

1@{ > (Mg, &)= Co* | M5 {log(1/8) + /T 1og(1/5)}} <25 (S39)

t=Tp+1
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and

D ME, €

t=Tp+1

> Co?||M|r {1og(1/5) +4/Th 1og(1/5)}} < 46; (S40)

|

(ii) for any d € (0,1] and M € RV*N,

1@{ > AME &)y = Co® | M| {1og(1/5) ++/Ti 1og(1/5)} + Tlx/NMF} <4 (S41)

t=Tp+1

and
]ID {

Proof. For any integer s, denote & = (&7, &7 1o+, €p41-) € RN, S ) = ZtT:TO+1<M§t73, £),

and Ve = Z?ZTO 1 | ME,_,|*. Note that §[s is a random vector with independent, zero-mean,

> Co?| M| {1og(1/5) ++/T) 1og(1/5)}}

> <Mst,£t>—E< > <Mst,£t>>

t=To+1 t=Tp+1

< 20. (542)

unit-variance, o2-sub-Gaussian coordinates for any fixed integer s. For simplicity, in the following
we omit the subscript [s] in £, S¢ s, and V¢ [ whenever s # 0.

We first prove claim (i) of this lemma. Without loss of generality, assume that s is a positive
integer. Note that Vi = |(Ir, ® M)E|* = €'QE, where Q = I, @ M'M. Then E(V;) =
| I7, ® M|% = T1|M|%. By the (one-sided) Hanson-Wright inequality (Vershynin| 2010), for any

n =0,
2 : U U
P (= bl > ) < o e (g i )
where ¢ > 0 is an absolute constant. Since |Q[o, = |M|2, < M]3, and |Q[r < I, ®

M |p|I7, @ M|, < /T1| M|, we can show that

2
: " n
P(Ve=T|M|: +n <exp{—cm1n( , )}gd
(¥4 e ) 2[M[3 o Ty [ M}

by choosing
n= Co* | M3 {log(1/8) + /i log(1/0)} (343)
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where C'is dependent on c¢. Moreover, by Lemma [B.§] for any a, > 0, we have

2

2020
This implies that, if 8 = T1|M|}} + n and a > 4/20281log(1/4), then P(S¢ > a) < . Hence, we
can establish (S39) by choosing

P(Se = a) < P(Se = a, %<5)+P(Vg>ﬁ)<exp(— < >+IP>(V§>B).

a = Co?| M|y {1og(1/5) + /T 1og(1/5)} .

Furthermore, applying (S39) to —M, we directly have

P{ > (ME, &) < —Co*|M]r {log(1/0) + Tllog(1/5)}} <2

t=Tp+1

which, combined with (S39)), yields the two-sided bound in (S40)).
The proof of claim (ii) is similar to the analysis of V¢ above. Note that Se o) = 5'[0] (I, ®M)'E ;.-

Applying the (two-sided) Hanson-Wright inequality, we have

2
. "o "o
P {|Se.101 — E(Se,jo1)| = o <2€Xp{—cm1n( , )}<2§

if we choose

o = Co? | M | {1og(1/5) + /T, 1og(1/5)} , (S44)

where C' is dependent on c. This leads to (S42) in the lemma. Moreover, since E(Sg ) =
Ti tr(M) < TV N|M||p, similarly we can also obtain the one-sided result:

2
. "o "o
P {Se o) = T1 tr(M) + 1o <exp{—cmm( ) )}<5
{Seo J *[ M., o'T| M

with the same choice of 1y as in (S44]). Therefore, (S42)) is proved as well. O

Lemma B.8 (Martingale concentration). Let {F;,t € Z} be a filtration. Suppose that {w,;} and
{e,} are processes taking values in R?, and for each integer t, w, is Fi_i-measurable, e, is Fi-
measurable, and e; | Fi_y is mean-zero and o*-sub-Gaussian. Let Ty < T be arbitrary fized time
points. Then, for any a, f > 0, we have

T T 2
P{ D (wney=a, ) Hwt”2<6}<eXP (_2:25)'

t=Tp+1 t=Tp+1

Proof. See Lemma 4.2 in [Simchowitz et al. (2018)). O
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S4 Proofs of theoretical results in Section 4.2

This section gives the proofs of Theorems [3| [4] and Corollary [2] in Sections C.1-C.3, respectively.
Section C.4 provides five auxiliary lemmas, which are used in the proof of Theorem [l We first

introduce several parameter spaces of A € RV*V*To helow,

O(r1,r2) = {A € RV*N*T0 | rank(Ayy) < 71, rank(A) < o},
O (11,79, 8) = {A € RV | rank(Aq)) < 71, rank(A)) < 72, [Allo < 5,1,

Oy(r1,7m2) = {A € O(ry,12), |Alls =1} and @%P(Tl,TQ,S) ={Ae @Sp(rl,rg,s), |A|p = 1}.

S4.1 Proof of Theorem [3

It can be verified that [VL(A)]qy = =17 (Y — A1 X)X and Y = (As, )X + (Age )y X + E.

As a result, for any M e RV*VxTo,
<V£(.A§7), M> = —<T1_1§XI, M(1)> — <T1_1(A§$)(1)XXI, M(1)>. (Sl)

From Lemmas and and by a method similar to (S8), we can show that, if 73 = (r1 A

ro)N +log Ty and v 2 /{(r1 A 79)N +log Ty}/T1, then

1~
P sup <—8X', A(1)> = Cry < Ce—(m /\7‘2)N—logT07
Ae®y(r1,m2) 41

which, together with the fact that |M|; < /s|M||r = /s for any M € @ (ry, r, 5), implies that

1% / 1 /
<ﬁ8X May) < My sup (FEX', Ap) < Crv/s (52)

Ae@i(T’l,Tg)
holds with probability at least 1 — Ce=(r1Ar2)N-logTo
We next handle the second term at the right hand side of (S1J). It holds that, from Assumptions

and 3]

E{(ASe) 0y X X', M) \ ,
v 7 = tr ((Asg)(l)ETOMUO

< Amax(Bm,) [ A% [p|Mp < C?ripss| A%

| M|,
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and

(A5 )y X X', My — E(A5e )y X X', M)

T
T() TU XlX/
ol [ Ea A P
i=1j=1 1
< G [ My maxe maxe | —7—= =T —j) .

As a result, by Lemma [B.6] and the fact that [M]|; < /s|M],

T (AL ) )X X' M)

_ KA )0 X X', M) . [((ASe) 1y X X7, M) — BE(AGe )y X X, M)l

= T1 Tl

< (Cohnssl AL e + 75 1AL ;) M. (53)

holds with probability at least 1 — Ce™N=1°6T0 when T} = s*(N +1logTy). We accomplish the proof
by combining - and letting | Mg = 1.

S4.2 Proof of Theorem /4]

This proof is divided into six steps. Some notations and conditions are given in the first step,
and verified in the last step. Without loss of generality, we assume that 0 < o, < 1 < oy and
0 < krsc < 1 < krss throughout this proof.

Step 1 (Notations and conditions) Without confusion, we use A* to denote .;‘l:"g7 for simplicity in
this proof. Since A* has Tucker ranks 7, and r5 along the first two modes, its Tucker decomposition
can be assumed to have the form of A* = G* x, U} x, U}, where G* € Rm*m2xTo 7* ¢ RV*"i and
U;'U; = b1, for 1 < i < 2. Moreover, at the k-th iteration of Algorithm [I} the pre-thresholding

~k ~k

. +1 ~k+1 +1
estimator A has the Tucker form of G x; U¥ x, UF™ | where G, U™ and U™ are

obtained by one-step gradient descent, and the hard-thresholding operation gives

~k+1

Ak+1 _ HT(A ,S) _ 9k+1 X1 U]f_H X o U];-H.

~kt1 ~k+1
Note that the zero frontal slices in A*, A and A*™! correspond to the zero ones in §*, G

and G, respectively.
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On the other hand, we denote by S the union set S’k+1,~/ = Sk U Sk4+1 U Sy, where the subscripts

of k and ~ are suppressed when there is no confusion, and it holds that |S| < 3s since s > 5.

Moreover, it can be verified that .ﬁlg = A" A]gﬂ = A" and

~k+1 ~k+1 ~k+1
AT = HT(Ag ,s) with Ay =Gy x, UM x, U

~k+1
The distances between Ag , A" and A* can be measured by

2
N ' ~k+1
EMY = min M UM - UMRE+ (G5 —G" x1 Ry %2 Ry,

R;eOmi""i,1<i<2 2y
1=

2
EF' = min MU -UIR[} + (" — §* x1 R} <2 Ry,

R,eO™i %", 1<i<2 “ 1
1=

Sl kel
respectively, and their optimizers are denoted by (R, , R, )and (R R5™). We next intro-

duce or rephrase the following list of conditions:

e Suppose that there exist a, f > 0 such that

(VL(A) = VLA"), A= A") = a| A — A" [ + B|VL(A) — VLIA") [,

(S4)

holds for any A € @57 (ry,75,3s). Moreover, by Cauchy-Schwarz and the fact that zy <

az? + 0.25a 192, it can be further verified that a3 < 0.25.

1/4

e We assume that b = o, for simplicity, and the proof can be easily adjusted if co

1/4
U <b <

002,/4 for two absolute constants 0 < ¢ < C. Moreover, for 0 < £k < K and 7 = 1 and 2,

U op < 1.107/*, 0in(UF) = 0.901/* and 1G5 lop < 1.1,/

Finally, for all 0 < k < K,
1/2

13/2

Ek

N

= Cl,

(S5)

(S6)

where k = oy /o, and ¢g > 0 is a small absolute constant (smaller than 1) determined later.
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~k+1 ~
e Let (A, U, E) be (A", U¥, E¥), (./l§+ UM ERD) or (A%, U?, EY), respectively. An im-
portant two-sided inequality is derived from Lemma by letting b = 0(1]/ *and ¢, = 0.1,

namely

2
Cr|A = A*[f < E < Cya| A — A%} + Cu ) U, = VI,

=1

P (S7)

where Cf, = [5(oy + 20(3]/2)]*1, Cyi = 305" + 8022051/2 + 40072 and Cyo = 20[;1/2 + 10.

Step 2 (Descent of E**1) This step aims to establish
N 2 2
BN < BY 4+ 02 (Qga + ) Qi) — 20(Qga + ). Qiz), (S8)
i=1 i=1

where Q)1 ;,Q2,; and Qg ; with j = 1 and 2 are defined in (S15]), (S16) and (S20|), respectively.
Note that, by the definition of Ek“,

2
~ ~k+1
EMLSY UF —UR; [ + 1G5 —G° x1 (RY) x2 (RE)'[. (S9)

i=1
For the first term of , the gradient descent update of U’fJrl gives
U =~ UTRY[; = |UY = 0V, LAY + U (UYUT = V°1,,)] - UL RS
= U} - UIRY[E + 7? |V, L(AY) + aUY(UYUY = 0L [
- 2n<vU1£(‘Ak)7 Ulf - Uallelg> - 2@7]<Ulf(Ulf/U’f - b2[r1)7 U’f - UTRIIC>7
(510)

where Vi, L(A) = [VL(A)]y(I1, ® Us)Gyyy is the partial derivative of the loss function £(A)
with respect to U;. We will first handle the last three terms of (S10)) one-by-one (without the

scaling constants). Starting with the second term,

[Vu, £(AY) + aUT(UYUT = 01,,) |f < 2|V, LAY + 202U (UYUY = 0L 5.
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Let Cy = 1.507/* and, by the definition of dual norm, the conditions at and |G¥||o = s,

[V, LA = sup (Vi L(A"), M)

MERN>"1, | Mg =1

= sup <V£(.Ak), Sk X1 M xq U§>2

MeRN*"1 |M|p=1

<2 sup (VL(A*),G" x1 M x, Uk

MeRN "1, | M [p=1

+2 sup (VL(A") = VL(A*),G" x1 M x, U}

MeRN*™1 | M|p=1

<203 (€ + IVLIAF) = VLA|R)
which leads to

[Ve, £(A®) + aU (UYUY = 01,,) [

< ACS (car + |VLIAY) = VLAY R) + 30y *a*[UYUY = VL, [} =: Q. (S11)

We next consider the third term at (S10). Let Ay, = G x1 (U3 — UTR;) x2 Uy and, by the
conditions at (SH), [Af,[r < Co|UY — Ui RS||r for all k > 1. Moreover, by the conditions at
and the fact that zy < 0.52% + 0.5¢2,

(VLA™ Ay < sup (VLA M) - [ AL, [r

ME@?P(’I’l,’I’Q,S)

< 0.5C2C7 2, + 0.5C, |U* — UTRY|2.
As a result,

(Vi LAY, U — Ui RY) = (VL(A"),G" x; (U} —URY) x, U
= (VLA = VLA*), A + (VL(A*), A
> (VL(A") = VL(A*), A}, — 0.5C, |UY — U R} |3

—0.5C5CT 2, (S12)
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For the last term at (S10]), it holds that

(Ui(UYU; -V1,,), U] - UiR;) = (UTUY - 01,,,UY'U; - UYUTRY)
= (:)5“[]’16/[]11~C - b2Ir1 HI%‘ + O5<U]1€/U]f - b2IT‘17 (ljllC - UTRIIC),(UIf - UTRIIC)> (SlB)
> 0.25|UYUY = VI, |7 = 0.25|UY — Ui Ry
> 0.25|UYUY — 0L, i - 0-25C1 [UY — UT R [,

where the second equality is due to the fact that, for a symmetric matrix W e R™*"1
W, UU, -UUR,)) = 05W, (U, —UiR) (U, -UiR))) + 0.5(W, U U, — b*I,.),

the first inequality is due to Cauchy-Schwarz inequality and the fact that zy < 0.52% + 0.5y, and

the last inequality is due to the fact that |[U} —U; R}|% < E* < O at (S6). We combine the last

two terms of (S10)), i.e. (S12) and (S13)), with the scaling constant a > 0, and it leads to

<VU1£(‘Ak>7 Ulf - UTRllg> + a<Ulf(U]flU]f - bQIm)? U]f - UTRIIC>

> (VL(A") = VLA"), A} = (14 a)C1|US — Ui R |}

+0.25a|UYUY — 01, |2 — 0.5C20 2, =: Quo. (S14)
By plugging ([S11)) and into ([S10)), it holds that
|UT — UIRYE < |UY = UTRY[E + 1°Qu1 — 27Q1 2. (515)

We can similarly define ()31 and (22 such that
U™ = UsR|; < |U5 — USRS |3 + 0* Qa1 — 20Qa2. (516)

We now return to deal with the last component in (S9)). Let Vg£(A) be the partial derivative
of the loss function £(A) with respect to G, and it holds that VgL(A) = VL(A) x; U] x5 U,,.

Then the gradient descent update of 5?1 gives
15 —G* x1 (RY) <2 (RS I = 1G" — n[ VLA — G* x1 (RY) <z (R [}
=[G" — G x1 (RY)" <2 (R3) |} + | [VaL(AM)]5%

= 2KVgL(A"), G = G x1 (Ry) %2 (R3)). (S17)
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For the second term at (S17)), by the definition of dual norm, |S| < 3s and the conditions at (S9).

Vg L(A")]glw =

sup ([VgL(AM)]z M)

MeR™ %2370 | nv|p=1

< sup (VLIA®), M x; U x, U%)?

MeR™1*72>T0 ||v||p=1,|M]o<3s

<2 sup (VLA®), M x, Ur x, UF?

MeR™1 %7270 | m|[p=1,|M[o<3s

+ 2 sup (VLAF) = VLAY, M x; U x, UE)?

MeR™1*72>T0 |Inv||p=1,|M]o<3s

< 203 (€ + [VL(AY) = VLAY)E) = Qaur, (S18)

with C5 = 1.50,/>. For the last term at (ST7), let Ag = (§—G* x1 R} x5 R}) x1 Uy x, U, and, by
the conditions at (S3)), [Ag[r < C5/|G* — G* x1 (R})' x4 (RS)' . From the definition of VgL(A"),
it holds that

(VoL(A), G — G xi (REY o (REY) = (VE(AR) — VL), AL + (TL(AT), AL,
By the conditions at (S5, 15| < 3s and that zy < 0.522 + 0.5,
(VL(A"), A5y < sup (VLAY M) - |Ag[r

ME@%P(’I’L’I’Q,QS)

< 0.50507 €2, + 0.5C1|G" — G* x; (RY) xo (RE)Y'[,

which leads to

(VgL(A"),G" = G* x1 (R}) x2 (R5)" ($19)
> (VLAY) = VLA"), Ag) — C1|G" = G" x1 (RY) <2 (Ry)' [} — C3CT ey =2 Qa2

By plugging (S18) and (S19) into (S17)), we can obtain that
1G5 =G x1 (RY) x2 (R} < [S" = G* x1 (RY) x2 (R} + n°Qa — 21Qg2,  (S20)

which, together with (S14)) and (S15)), leads to (S8).
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Step 3 This step aims to develop a lower bound for Qg 2+ Z?Zl Qi at . From (S14)), a similar
definition for Q9, (S19) and the definition of E*, we have
2 2
Qo+ Y| Qiz (VL(AY) = VLIA®), A + > Ap) — (1L +a)CL EF
i=1 i=1

2
+0.250 ) [UYUY — VI, |} - Cacl,. (S21)

i-1
where Cy = (C2 + C2)C;'. By the conditions at and (S6), Lemma holds with B <
(E*)'/2 < (CLE®)'*. Then, by plugging ¢, = 0.1 to Lemma[C.3] the first term becomes

(VLA —VL(A¥) Ak+ZA> =(VL(A") = VL(A"), A" — A%

i=1

+(VLAF) =V LA"), HE,

where |H¥||r < 3(o Y2y 0(1]/4)(01Ek)1/2. Given holds for some given «, 8 > 0, we can use

y < 0.522 + 0.5y to further lower bound the above term,

(VLAY = VLA, AL + ZA > af A" — A*|3

+0.53|VL(AY) = VLAY [E — 0.557 |97
_ ao}”
= 1/2

—L C.EF - aC’UllCUQZHUk’U’“—b?I %

i=1
+0.58|VLAY) = VLA [f - 0.58™ 1|37,
where the second inequality is obtained from with Cy = [ai/ 2V 2Cpa]*. Then, this jointly
with | H*|p < 3(0? + o/ ") (C1E*)M2 can be used to further lower bound the inequality at (S21),

which becomes
2 ao?
)
QQ,Q +ZQ1’2 = ( 15’2 Cs — [ +a+ 56" (0'11/2 + 1U/ ) ]Cl> EE
i=1

2
+[0.25a — aCyyyCua) Y [UFUF — 01, |2

i=1

+0.58|VL(A") — VLAY |Z — Cyél,,.
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Then, we choose ¢y > 0 contained in the constant term C) small enough such that [1 + a +
5671 (0> + 0/ < 050072k 2C5. From the definition right after (S7), we have Cpy = 30y,
and Cpya < 10((7&1/2 +1), and they lead to Cp;1Cya < 4(0[1]/2 +oy). Let a = 8004(01U/2 + oy ) leading
to OéCEjC’U’Q < 0.05a, and the above inequality takes the simple form

3

2
Qo2+ Y. Qiz> - S CsEF 4 0. 2(12 \URUY — V1, |2 — Cye?,, )
i=1 i=1 S22

+0.58|VL(AR) — VLAY,

Step 4 This step uses the intermediate results at Steps 2 and 3 to bound EF*1 with EF. From

(S11)), a similar definition for Q3 ; and (S18), we have
2
Qg+ Y, Qin =(8C3 +2C3) {|VL(AY) = VLA + edue}
i=1

2
+ 307/ %a? Y JUFUE — 1, |,

i=1

which, together with (S22)), implies that
2 2
naa
7°(Qga + Y. Qin) — 20(Qga + Y| Qi2) < 1/5 CLE*
i=1 i=1

+ [*(8CF + 2C3) + 2nCylel, .
($23)

2
+ (37720(1/2@2 — 0.477&) Z |lU¥Ur —v’r, |2

i=1

+ (1 (8C5 +2C35) — nB) [VL(A") = VLA

Recall that Cy = 1.502/*, Cs = 1.50,/> and a = 80a(0y/” + oy), and it holds that 8CZ + 2C2 <
180y(1 + O'U/ ) and O'U/ a < 80aoy (1 + 0(1]/2) < 208 oy (1 + UU/ ), where the second inequality
comes from o < 0.25; see the discussion after (S4). Set n = noB[(1 + ov)(1 + 01/2)] and
no < 1/150, and it can be verified that

3n’oy) Y242 0. 4na < 0 and n*(8C3 +2C3) —nB < 0. (S24)

Again, note that 5 = 1o8[(1 + o0) (1 + 0/*)]~* with 7o < 1/150 and 7(C2 + C2) < 0.028, leading
to 7*(8C% + 2C%) < 0.028% and nCy = n(C; + C2)C7* < 0.028CT". This, together with (S8g)),
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(S23) and (S24]), implies that

EF < (1= noaBCs) EF +0.028(8 + C; 1)z, (S25)

where Cg = 0k Y2(1 + o) 2(1 + 0,/%)"1Cs, and

since 1y < 204051 and af < 0.25. Moreover,

af af

afCs = > = 0a,8,
S U ton) 1+ o)y 20482 7
which, together with (S25)), implies that
EkJrl < (1 - 770504 5) Ek + 0 OQﬂ(ﬁ + C ) stat <S26)

Step 5 This step upper bounds E**! by E’k“, and hence by E*. To begin with, we first establish
the inequality between E**1 and EF+!,
2
% skt " ~k+1 ~k+1

ESL< YU —UR R +1S" =G (R ) = (R ', (527)

i—1
~ ~k+1 ~k+1 ~k+1 ~k+1 v
and EF = Y2 U USR5 +1GsT =G xa (B ) xa(By Y[, where § = 5,080,
Denote by § the cardinality of S, i.e., § = |Sky1 U Sk U S,|. Note that 2zy < pa® + p~'y? for any

> 0and z,y € R, and then the second term at the right hand side of ([S27) satisfies the following

inequality,
. ~ 1 ~ kot 1
IS* 1 =G" xi (R ) %o (R, )'[2 )
~k+ ~k+1 ~k+1 1 ~k+1
<+ m)lGs — G (B o (BB + (1 + M—)\\Sk+1 Ss I
where ps = 4/(5—)/(5§—s,) < 1.
Moreover, A" = GF o, UM x, U, flkﬂ = §'§“ xqy UM <y UST ) and AR =
~k
(.ASH, s). Since s, < s < 5, it can be verified that
) —2
~k+1 ~kt1
IS"" = Ss IE < [n amm(Uf“)] A — Ay
-2
(Lemmam ~k (S5)&(S7)
[H Tmin(UTH) ] AL — a2 B8 2B (S29)
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which, together with (S27) and (S28]), implies that
EFY <1+ (14 2C7) s EMY, (S30)

where C; = 20,'C; ' = 10(1 + 1/2)

Note that p, is a function of § with § > s and, by the condition of | Sy U Sk.1| < (1+v)s, it holds
that § < (14+14)s+s,. Note that s, < vs, and it can be verified that p, < 4/2v/(1 4+ 1) < /204,
and hence (14 2C7)us < 1oda,p as long as v < (1/128)(3 + 501/2)_27785375. As a result, from ([S26))

and ,
EF < (1 =30k 5) EF + Cselay, (S31)
where Cg = 0.02[1 + (1 + 2C7)u]B(B + C; ). By unfolding this iteration, we can obtain that
EX < (1—1202.5)" E° + 0y 20,205,
which, together with and UYUY = b*I,, for 1 <i < 2, leads to

[ — A*[f < O BN < O (1= 302 5)" E° 4 O Cong 0, ke

< OU,ICL_1 (1 - ?7353,/3)K HAO A*”F + Cu.Cp 08770_25a Bestat' (S32)

Step 6 (Verifying conditions at @ and @ We first show that the conditions at
hold with certain values of a and 3. From Lemmas |C.1 l and [C.5) ﬂ if Ty = s*(N + logTy) and we

choose
3KRSCKRSS 1

oa=——9/—"—/9¥/—2— and (=

b
KRSC + 3KRSS KRSC + 3KRSS

then the inequality at holds with probability at least 1 —Ce V=170 Note that krsc < KRrss

and af < 0.25, and it can be further verified that

3K
RSC _ af

< 0.25kKne d <
& Frsc AR 16KRss

< (S33)

1
4 9
which can be used to update quantities, d, g, @ and v, in Steps 4, 3 and 5, respectively. Specifically,

af > KRsC —5
204k2 = 1088kRsggk?

a8 =
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1/2
240( / +UU) d n 10 10 | 770"4;1:150
2

a= 800((0[1]/2 + op) = ,
Krss T 3hRsc Fhesh'
where the final inequality ensures that v, < (1/128)n362 53+ 5o,/ 2) Moreover, since krge < 1

and ¢y < 1,
Cg = 0.02[1 + (1 + 2C7) ] B(B + CT) < 0.62¢5 K2 kg, (S34)
which, together with the fact that Cp,;C;' < k%207, can be used to rewrite (S32) into
K P 3/2 _—1/2 20\ K 40 " 7/2 _—1/2
[A" = A7 < 6¥20, 7 (1= n5o?) " A = A"|7 + 570, CRgdeny 20

We next verify (S6). Note that |[UYU; — b*I,,|% = 0 for 1 < i < 2 and, by the initialization
error bound and , it holds that

1/2
. o
EO < CUJHAO — A ”123 < Coﬁ. <835)
Suppose that the above inequality holds for E*. Then, by (S31)) and (S34)),
ERY < (1- 77(2)52) E¥ 4+ 0.62¢5 ' K2 paceia
01/2
< (1=n36%) - co—%5 5 + 0.62¢5 ' K KRacCoat

2 ¢2 1/2 1/2
o ngo o
L 0 12,2 2 oy
=l — (P2 62c K2 ke < ¢
03/ ( 07 3/2 0 RSC stat) =07 3R
- 8,4
since, when €2, < (1/800)can2r " kpsshhscs

1/2
nioo,

1,22 2
0 /{3/2 = 0.62¢) K KR3cCotat-

Hence the inequality at holds.
Finally, we verify (SB)). Since k > 1 and b = 0[1]/4, it holds E* < ¢ O'L/ K2 < 000[1]/2 where

co < 0.01 is a very small number. From the definition of E*, we can verify that, for i = 1 or 2:

[Uop < U} R op + |UT = Ui Rf|op < 0yf* + [Uf = UI R} |r < 1-10?/47

Tuin(UY) = |URE|op — [UF —UZRY|op = 0 — |UE —URE|p = 090/, and
1S lop < |RESE (I, ® RE 1>||op+us<z RIGE (I, ® RE_))'|op
1/2+\F‘71/4 1/2‘

We hence accomplish the whole proof.
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S4.3 Proof of Corollary

Note that, by Assumption [2 I and the low-rank conditions at (2.4)), | A}|lr < C'\/r1 A rop’ for j =
Let @, be the smallest integer such that C'\/r1 A r2p’ < v for all j > @, and it can be verified
that Q. = [log(C/r1 A 12/7)/log(1/p)] and 72Q., < 1. As a result, by a method similar to (S14)),

we can show that

’YQQV and 77 ”‘Agg

[ A7 < P <7°Q,. (S36)

Moreover, by choosing v = 1/{(r1 A r2)N +log Tp}/T1, we have Q. = logT1/log(1/p). Let s =
Q) =logTi/log(1/p), and it is implied by Theorem [3| that
2 - [(r1 A r9)N + log Tp]s

stat ~ Tl

e (S37)

On the other hand, by plugging the values of v and (), into the first term in (S36)), we have
[ Ase

2 < Ce2,, for an absolute constant C. Note that |AY — A*|2 < 2|4 — Ag [+ 2\\./[;5\\%

and, from Theorem [4]
[ A% — A*[3 < 2Dy (1 = D)™ |A® = A |5+ 2(C + Ds)eluy,

where D; = k%%0 / , Dy = n2d%, D3 = 57/20;1/2/<§§Cn525—2, and C' < Ds.
As a result, when

log(2Ds) + log €2, —log Dy — log||A’ — A} |3
> —,
log(1 — Ds)

(938)

the optimization error can be shown to be dominated by the statistical error, i.e.

r1 A T9)N + log Tpls

K *2<[(
JA% A < T

Moreover, from (S37), loge?,; can be upper-bounded by some absolute positive constant when
Ty 2 {(r1 Ar2)+s*}N + 5% log Tp. Recall that the absolute constant ny < 1/150 and ||A° — A [} <

ai/ k732 and the bound at (S38)) can be further simplified into

I T Y
log(1 — n36?)

Hence, the proof of this corollary is accomplished.
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S4.4 Five auxiliary lemmas
This subsection gives five auxiliary lemmas used in the proof of Theorem [

Lemma C.1 (Restricted strong convexity and smoothness conditions). Suppose that Assumptions

are satisfied. If Ty = s*(N + logTy), then for any Ay, Ay € @5 (11,15, 5),

0.5krsc AL — As|p < L(Ay) — L(Ay) —(VL(Ay), A; — As) < 1.5kpgs| A1 — As
holds with probability at least 1 — Ce= N80 where krse and krss are defined in Theorem .
Proof. Recall that

L(A1) = L(Az) = (VL(A), Ay — Ay) = (Ar = A2) ) X [

|
217
Let A = A; — A, and it holds that A € @SP(27"1, 219, 2s). Using this notation and ignoring the

constant scaling, we have the inequalities

E(AnXIE) | [IA0X]E ~E (Aw X))

1

—ApnX|E < 839

Tl || (1) ||F T1 T1 Y ( )
and

1 E([AnX[E) [[AnX]E —E(|[AnX]#

Ljagxp s = )| ( )l ($40)

Tl T1 Tl

First, by (S34)), Basu and Michailidis (2015) and Assumptions 2| & , we have

E (||A(1)X||%)

T = tr (A(l)ETOAl(l)) < )\maX(EE)/JJmaX(lII*) < HRSS”A”%'

rrsc|Alf <

Moreover, by a method similar to the proof of Lemma [B.3]

ANnX|E—E(|AnX|? XXx'
IAWX[E —E (JAq F)‘:‘tr{A(l)( £ _2T0> Al(l)}‘

11 !

To To XZXI

<ZZ tr[Ai{ J—F(i—j)}A;‘]
i=1j=1 h
To To XZX,

< 2 2 IAdel Al | =7 TG - )
p 1 op

X, X'
< ||A||§ max max F=T(—-j)| -
1<i<Ty 1<5<Ty 1 op
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Note that |Als < v/2s|Allr and then, by Lemma it can be verified that, when T} = s*(N +

log Tp),
A0 X[E —E (lAnXE)| _
T h

holds with probability at least 1 — Ce V- 1¢T0 where 7> = C'y/(N +logTy)/T1. This, together

sT*| Al < 0.5krsc| Al

with (S39) and (S40]), accomplishes the proof of this lemma. O

Lemma C.2. Consider two tensors A* = G* x, U} x, Uy € RVN*To gnd A =G x,U; xo, Uy €
RN*N>To “yhere G* and G € R™*"2*T0 gre core tensors, and U U, e RN*" with i =1 and 2 are

factor matrices. We define their distance below,

R,eOTi ¥ 1<1<2

E = min {ZHU UR|%2+ S — 9><1R’><2R||F}.

Suppose that, for i =1 and 2, |Ullop < (1 + 06)05/47 1Gylop < (1 + 06)0(1]/2, U'U;! =bv’1I,,, and
or < Omin(Af) < |AGlop < v, where ¢, >0, b >0, 0 < o < oy, and owin(A) denotes the

smallest nonzero singular value of matriz A. It then holds that

cs| A — A% < E < o A = A7 + 2(1 + c1)b ZZHU' — VL |,

where ¢y = 3(1 + ¢.)402?b™4, ¢ = 3674 + 8(1 + )0, 272, and 5 = [3(1 + co)*(ou + 200/%)]
Proof. We first prove the upper bound. For any R; € O"*" with i = 1 and 2,
IS —G" x1 Ry <2 Ry|li = b7*|G x1 Ui Ry xo U3 Ry — A,
and, by the fact that (z +y + 2)? < 32% + 3y? + 322,
IS x1 UTR: x> Us R, — A*[3
<A - A*[E + 3G %1 (U1 = UTR) %2 Us + 3G x1 UT Ry %2 (U — Us Ry)[;
< 3JA — A2+ 3(1 + ¢.)* 3/22 U, — U*R;|2.

i=1

As a result,

2
IS — G x1 Ry x> Ry[3 <36 4| A~ A2+, > |U; — UIR, |3, (841)

i=1
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with ¢; = 3(1 + ¢.)'or/*b=*, which implies that

E<3b4A-Ap+(1+c Z min |U; — U'R;|2. (S42)

Z 1 ZOT‘X'I

We next handle the second term of (S42). Fori = 1 and 2, consider an SVD form U; = U, %,V
Note that |U; — UfR;|% < 2|U; — bU, V|3 + 2|pbU,V; — UF R;||3, and then

min |U; — UR;|3 <2|Z; — oI, [} +2 mln ||bU URi|;, (S43)
R;e

RiGOTi XT;

where |X; — bl |3 < b 2|ULU; — b*1,,|%; see (E.3) in Han et al, (2022). On the other hand, U
and b 'U} have orthonormal columns and they span the left singular subspaces of A;) and .AZ}),

respectively. Then, from Lemma 1 in|Cai and Zhang (2018),

min (U, - UrRi[} < 20°|U; (07U < 20 %0 A — A7, (544)
RiGOTiXT

where U; | € OV*V=74) Jies in the orthogonal complementary subspace of U; and the last inequal-

ity is due to

|A - A*F = | Ay ‘A(z)HF ||Uer ||F = v U;, (b 1U7)(b_1Ufl)‘AEki)”%

> 0o} |U, (07 U) ;-

From (S43) and (S44)), we have

min |U; — UfR,|jZ < 207 2|UU; — 01, |} + 4b~ %0 %|A — A*|3,

R,;eOmi%Ti
which, together with (S42), implies that
2
E < o A= A*|p +2(1+ )b ) |UWU; — VL |7
i—1
_ ap—4 —2; 9
where ¢ = 3b~* + 8(1 + ¢1)o“b "

We next prove the lower bound. Note that |G llop = b [ Aflop < opb? for 1 <i < 2, and
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then it holds that

A — A" |7 <3|(§—G* x1 R} x2 Ry) x1 Uy x2 Usf
+3(§* x1 R} x2 Ry) x1 (U — Ui Ry) x5 Uslg
+3(G* x2 Ry) x1 Ut x5 (Uy — U3 Ry) |}

< cglE,
where c3 = [3(1 + ¢.)*(op + 20(3/2)]71- -

Lemma C.3. Consider the two tensors, A* = G* x; U} xo Uy € RVN*To gnd A = G x,
U, xo Uy € RV¥NXT0 iy Lemma and it holds that, for i =1 and 2, |Ullop < (1 + 06)0[1]/4,
1Sy lop < (1 + 06)0(1/2, U;U; = 0’1, and |Aflop < ou, where cc > 0, b >0, and 0 < op.

Define three tensors below,
Ag=(G—-G" x1 Ry xo Ry) x, Uy xo Uy, Ay, =G x1 (U —UTRy) X2 Uy,

and Ay, = Ay, =G x1 Uy xo (Uy — UsRy). If there exists a B = 0 such that |G — G* x1 R} X4
Ri|r < B and |U; —U?R;|r < B for R; € O"*" with i =1 and 2, then

2
19€C.r < [+ c)oif” + (2 + oo/ | B with 3. = Ag + Y| Ay, — (A — A%).

i=1

Proof. Note that
2
Ag+ D Ay, = A— A" + HY + HP) + HP),
i-1 ~~ g

=K.

where
HY =G x, (U, —UR)) x, (Uy—UER,),
HP = (G- G* x, R, x5 R) x1 (U, — U*Ry) x5 Us, (945)
HP = (G —G* x; R} xo R)) x1 U'R, x5 (Uy — UR,).
It can be easily verified that
3 e < (1 edoi” B 13 p < (L + c)oy B and - [HOp < 0/ B2,
Hence, the proof of this lemma is accomplished. n
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Lemma C.4 (Contractive projection property (CPP)). Consider a tensor X € RN*NxTo qith
frontal slices {X;,1 <i <1y}, and let Sy = {1 < j < Tp, | Xllp > 0} be the collection of nonzero
frontal slices. Moreover, X* € RN*N>x10 45 another tensor with S being the collection of nonzero
frontal slices. Denote by s; the cardinality of S; with j =1 and 2. If s < s < 51 and Sy < Sy,

then
S

[HT(X,s) — X[ < 12 — 2" -

1— S
§1— 52
Proof. This lemma is a trivial extension of Lemma 1.1 in Jain et al.| (2014])) to the case with tensors,
and the proof is also similar. O
Lemma C.5. Let f be a continuously differentiable function and, for any tensors A and B,

m 2 M 2
T - B} < F(A) ~ f(B) — (VA(B),A-B)< A~ BJZ.

where 0 <m < M < co. It then holds that

IVf(A) = V(B

mM
(VHA) = VB A-B) > A= Bl -

Proof. This lemma is from Theorem 2.1.11 in |[Nesterov| (2003)) and is provided here to make the

proof self-contained. O

S5 Additional details in the simulation studies

In this section, we first present an additional simulation study to compare the sensitivity of the
soft- and hard-thresholding algorithm with respect to Ty. Next, we present more details regarding

the generation of B; and C; in our VAR data generating processes.

S5.1 Sensitivity of soft- and hard-thresholding

This subsection presents two additional simulations to compare the finite-sample performance of
the soft- and hard-thresholding methods from Section 3.1 at various values of T" and Ty. Specifi-

cally, the goal is to demonstrate that the tuning parameter X\ in the soft-thresholding algorithm is
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more sensitive to changes in T and T than the sparsity level s in the hard-thresholding algorithm,
thus supporting our preference for the more stable hard-thresholding algorithm.

The first experiment aims to show how the parameter estimation errors vary with respect to
T under different \’s and s’s while holding T} fixed. We generate the data using the VARMA
process with (N,r) = (20,4), and four sample sizes are considered with 7" = 400, 600, 800 and
1000. The running order is fixed at Ty = 100, and the effective sample size is T} = T — Tj. There
are 500 replications for each sample size, and the hard-thresholding method, i.e. Algorithm [1]
is first considered to search for estimates with the sparsity level s varying from 4 to 18. Figure
gives the parameter estimation errors, averaged over 500 replications, and it can be seen that
the optimal sparsity level grows slowly from nine to eleven as the sample size T" increases. In the
meanwhile, Algorithm [I] modified with the soft-thresholding method in Section 3.1 is also applied,
and the tuning parameter \ varies among the values of {0.55 x 1073, 1 < j < 33}. The averaged
parameter estimation errors are presented in Figure [T} and the optimal values of A change a lot
when the sample size increases from 7" = 400 to 1000. Moreover, since the fitted models at each
fixed A may have different sparsity levels, Figure[I]also plots the sparsity levels of 100 fitted models
at the optimal value of A for each sample size. The sparsity level varies roughly from 20 to 30,
and the variation decreases as the sample size increases. Finally, although parameter estimation
errors for both methods become larger as sample sizes decrease, those for the soft-thresholding
method may vary dramatically, especially when the sample size is as small as T" = 400.

The second experiment aims to show how the parameter estimation errors vary with respect
to Ty under different A’s and s’s while holding T fixed. We fix the sample size at T' = 800, while
four running orders are considered with Ty = 25, 50, 100 and 200. The sparsity level for the hard-
thresholding method varies from s = 5 to 14, and the tuning parameter for the soft-thresholding
method takes the values of A € {0.55 x 1073,4 < j < 20}. All the other settings are the same as
those in the first experiment, and the estimation results are also given in Figure[I] The stability of
the hard-thresholding method is confirmed again, while the optimal values of \ are more sensitive

to the change in Tj for the soft-thresholding method. In fact, when the running order is as large as
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Figure 1: Plots of parameter estimation errors against sparsity levels s (left panel) for the hard-
thresholding (HT) method and tuning parameters A (middle panel) for the soft-thresholding (ST)
method, where the optimal setting on each curve with the minimum error is highlighted in red,
and boxplots (right panel) for sparsity levels of 100 fitted models at the optimal values of A. Two
cases are considered: varying sample size T but fixed running order Ty (upper panel) and varying

running order Ty but fixed sample size T (lower panel).

Ty = 200, the parameter estimation errors from the soft-thresholding method vary dramatically,
and we can even observe a much higher variation in sparsity levels of the fitted models at the

optimal values of A. This further undermines the stability of the soft-thresholding method.

S5.2 Generation of B; and C)|

We illustate with a simple case where ro < r; and subsequently r® = — 1y and ¥ = 1y
for j € {1,5,8,9}. The generation details of B;’s and C,’s are as follows. We first generate an

N x N orthonormal matrix O = (oy,...,0x) using python function scipy.stats.ortho_group.rvs(N).
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Then we set B; = (01,...,0,), By = (0,11, ..,0,,) and randomly draw with replacement ry
columns from the set {o;,...,0,,} to form Bj, Bg, By € RYN*"2 respectively. Meanwhile, we
generate another N x N orthogonal matrix O = (4, ...,8y) and set C; = (81,...,6,,). Then
we randomly sample r; — ry columns from C'; without replacement to form Cj4 and 7y columns

from C, with replacement to form C5, Cg, Cy € RV*"2 respectively.

S6 Additional information on the macro-economic dataset

In Tables[2HI| we provide more detailed descriptions of the variables of the macro-economic dataset
in Section [6l and their transformations.

Figure [2| plots projection matrices of the estimated response loading, i.e. IAJIIA] f, and the
predictor loadings, U Qﬁ 2T, for the small size dataset. We reorder the variables the same way ass
described in Section 6 of the main paper. It can be observed that the loading matrices are not
only low-rank but also sparse, which can explain why the sparsity-based methods also achieve
good forecasting performance. Moreover, the loading matrices for the predictor and response
factors differ from each other. The predictor factor summarizes the dynamics from CPI of all
items (CPIAUCSL), all items less food&energy (CPIFESL) and apparel (CPTAPPSL), while the
response factor mainly depicts how the CPI of all items responds to the changes in the predictor
variables.

Figure |3| plots projection matrices of the estimated response loading, i.e. ﬁlff 1T, and the
predictor loadings, IAJQIAJ Z, for the medium size dataset. We reorder the variables the same way
ass described in Section 6 of the main paper. Again, the loading matrices for the predictor
and response factors differ from each other. The predictor factor mainly summarizes the personal
consumption expenditure, overall goods prices or durable goods prices, and producer price indices.
In the meantime, the response factor additionally captures how durable goods and consumer price

indices respond to the changes in the predictor variables.
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Table 1: Variable Descriptions and FRED MNEMONICS

Short Name Description FRED MNEMONIC
PCED Personal Consumption Expenditures: Chain-type Price Index (Index 2017=100) PCEPI
GPDIDefl Gross Private Domestic Investment: Chain-type Price Index (Index 2017=100) GPDIDEF
GS1.TB3M 1-Year Treasury Constant Maturity Minus 3-Month Treasury Bill, secondary market (Percent) GSI1TB3M
Nonborrowed_Reserves_Depository Reserves Of Depository Institutions, Nonborrowed (Millions of Dollars) NONBORRES
PPIFinConsGds_Food Producer Price Index by Commodity for Finished Consumer Foods (Index 1982=100) PPIFCG
PCED_OtherServices Personal consumption expenditures: Other services (chain-type price index) PCEDOTHERSERV
Total_Reserves_Depository Total Reserves of Depository Institutions (Billions of Dollars) TOTRESNS
Real Price_Oil Producer Price Index by Commodity for Fuels and Related Products and Power: Crude Petroleum (Domestic Production) (Index 1982=100) PPIORLY
BAA_GS10 Moody’s Seasoned Baa Corporate Bond Yield Relative to Yield on 10-Year Treasury Constant Maturity (Percent) BAAGS10
PPI_Crude_Materials Producer Price Index: Crude Materials for Further Processing (Index 1982-84=100) PPICRMAT
PCED_FIRE Personal consumption expenditures: Financial services and insurance (chain-type price index) PCEDFIRE
Fed_Funds Effective Federal Funds Rate (Percent) FEDFUNDS
PPI_Metals_Nonferrous Producer Price Index: Commodities: Metals and metal products: Primary nonferrous metals (Index 1982=100) PPINMET
Nikkei_Stock_Avg Nikkei Stock Average NIKKEI225
Real NonRevCredit Total Real Nonrevolving Credit Owned and Securitized, Outstanding (Billions of Dollars), deflated by Core PCE NONREVSL
Real LoansRE Real Real Estate Loans, All Commercial Banks (Billions of 2017 U.S. Dollars), deflated by Core PCE REALLNS
TM_3M_FedFunds 3-Month Treasury Constant Maturity Minus Federal Funds Rate TM3MFED
Real HHW_RESA Real Real Estate Assets of Households and Nonprofit Organizations (Billions of 2017 Dollars), deflated by Core PCE HHWRENSA
Real AHE_MFG Real Average Hourly Earnings of Production and Nonsupervisory Employees: Manufacturing (2017 Dollars per Hour), deflated by Core PCE  AHEMAN
Real_ConsLoans Real Consumer Loans at All Commercial Banks (Billions of 2017 U.S. Dollars), deflated by Core PCE CONLOANSNSA
Real Nonfin NCorp NW Real Nonfinancial Noncorporate Business Sector Net Worth (Billions of 2017 Dollars), Deflated by Implicit Price Deflator for Business Sector NFCNWNSA
Real Nonfin NCorp_Assets Real Nonfinancial Noncorporate Business Sector Assets (Billions of 2017 Dollars), Deflated by Implicit Price Deflator for Business Sector NONCORPNSA
Real_ConsuCred Total Consumer Credit Outstanding, deflated by Core PCE TOTALSL
Cons_Expectations University of Michigan: Consumer Sentiment (Index 1st Quarter 1966=100) UMCSENT
Real NonRevCredit, Total Real Nonrevolving Credit Owned and Securitized, Outstanding (Billions of Dollars), deflated by Core PCE NONREVSL
Real Nonfin NCorp_Assets Real Nonfinancial Noncorporate Business Sector As (Billions of 2017 Dollars), Deflated by Implicit Price Deflator for Business Sector NONCORPNSA
Real LoansRE Real Real Estate Loans, All Commercial Banks (Billions of 2017 U.S. Dollars), deflated by Core PCE REALLNS

Real HHW _LiabSA Real Total Liabilities of Households and Nonprofit Organizations (Billions of 2017 Dollars), deflated by Core PCE HHWTOTNSA
Real Nonfin NCorp NW Real Nonfinancial Noncorporate Business Sector Net Worth (Billions of 2017 Dollars), Deflated by Implicit Price Deflator for Business Sector NFCNWNSA
Real HHW_RESA Real Real Estate Assets of Households and Nonprofit Organizations (Billions of 2017 Dollars), deflated by Core PCE HHWRENSA
Real Nonfin_NCorp_Liab Real Nonfinancial Noncorporate Business Sector Liabilities (Billions of 2017 Dollars), Deflated by Implicit Price Deflator for Business Sector ~ NFCLNSA

Fed Funds Effective Federal Funds Rate (Percent) FEDFUNDS
Real CL_Loans Real Commercial and Industrial Loans, All Commercial Banks (Billions of 2017 U.S. Dollars), deflated by Core PCE BUSLOANS
CPLServices Consumer Price Index for All Urban Consumers: Services (Index 1982-84=100) CUSRO000SAS
CPI Consumer Price Index for All Urban Consumers: All Items (Index 1982-84=100) CPIAUCSL
CPI_LessMedCare Consumer Price Index for All Urban Consumers: All items less medical care (Index 1982-84=100) CUSRO000SAM
Real NCorp_Assets Real Nonfinancial Corporate Business Sector Assets (Billions of 2017 Dollars), Deflated by Implicit Price Deflator for Business Sector NFCBAA
CPI_LessFood Consumer Price Index for All Urban Consumers: All Items Less Food (Index 1982-84=100) CUSRO000SAOL1
Nonrev_CC_PersInc Nonrevolving consumer credit to Personal Income NONREVCCPI
TM_6MTH G-Month Treasury Bill: Secondary Market Rate (Percent) DGS6MO
GS10-TB3M 10-Year Treasury Constant Maturity Minus 3-Month Treasury Bill, secondary market (Percent) GS10TB3
BAA_GS10 Moody’s Seasoned Baa Corporate Bond Yield Relative to Yield on 10-Year Treasury Constant Maturity (Percent) BAAGS10
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Figure 2: Projection matrices of the estimated response and the predictor loadings for the small

size dataset.
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Table 2: Price Indices. FRED MNEMONIC: mnemonic for data in FRED-QD. SW MNEMONIC:
mnemonic in |Stock and Watson| (2012)). T: data transformation code, where 6 = second difference
of log series. DESCRIPTION: brief definition of the data. G: Group code, where 6 = price index

variables.

FRED MNEMONIC SW MNEMONIC T DESCRIPTION G
IPDBS BusSec Defl 6 Business Sector: Implicit Price Deflator (Index 2017=100) 6
GDPCTPI GDP Defl 6 Gross Domestic Product: Chain-type Price Index (Index 2017=100) 6
GPDICTPI GPDI Defl 6 Gross Private Domestic Investment: Chain-type Price Index (Index 2017=100) 6
PCEPILFE PCED_LFE 6 Personal Consumption Expenditures Excluding Food and Energy (Chain-Type Price Index) (Index 2017=100) 6
PCECTPI PCED 6 Personal Consumption Expenditures: Chain-type Price Index (Index 2017=100) 6
DDURRG3QO086SBEA  PCED_DurGoods 6 Personal consumption expenditures: Durable goods (chain-type price index) 6
DFDHRG3Q086SBEA  PCED_DurHousehold 6 Personal consumption expenditures: Durable goods: Furnishings and durable household equipment (chain-type price index) 6
DMOTRG3Q086SBEA  PCED_MotorVec 6 Personal consumption expenditures: Durable goods: Motor vehicles and parts (chain-type price index) 6
DODGRG3QO086SBEA  PCED_OthDurGds 6 Personal consumption expenditures: Durable goods: Other durable goods (chain-type price index) 6
DREQRG3Q086SBEA  PCED _Recreation 6 Personal consumption expenditures: Durable goods: Recreational goods and vehicles (chain-type price index) 6
DIFSRG3Q086SBEA PCED_FIRE 6 Personal consumption expenditures: Financial services and insurance (chain-type price index) 6
DGDSRG3Q086SBEA  PCED_Goods 6 Personal consumption expenditures: Goods (chain-type price index) 6
DNDGRG3Q086SBEA  PCED_NDurGoods 6 Personal consumption expenditures: Nondurable goods (chain-type price index) 6
DCLORG3QO086SBEA  PCED_Clothing 6 Personal consumption expenditures: Nondurable goods: Clothing and footwear (chain-type price index) 6
DFXARG3Q086SBEA  PCED_Food_Bev 6 Personal consumption expenditures: Nondurable goods: Food and beverages purchased for off-premises consumption (chain-type price index) 6
DGOERG3QO086SBEA  PCED_Gas_Enrgy 6 Personal consumption expenditures: Nondurable goods: Gasoline and other energy goods (chain-type price index) 6
DONGRG3Q086SBEA  PCED_OthNDurGds 6 Personal consumption expenditures: Nondurable goods: Other nondurable goods (chain-type price index) 6
DOTSRG3Q086SBEA  PCED_OtherServices 6 Personal consumption expenditures: Other services (chain-type price index) 6
DRCARG3QO086SBEA  PCED_RecServices 6 Personal consumption expenditures: Recreation services (chain-type price index) 6
DSERRG3Q086SBEA  PCED_Serv 6 Personal consumption expenditures: Services (chain-type price index) 6
DFSARG3Q086SBEA  PCED_FoodServ_Acc. 6 Personal consumption expenditures: Services: Food services and accommodations (chain-type price index) 6
DHLCRG3QO086SBEA  PCED_HealthCare 6 Personal consumption expenditures: Services: Health care (chain-type price index) 6
DHCERG3QO086SBEA  PCED_HouseholdServ. 6 Personal consumption expenditures: Services: Household consumption expenditures (chain-type price index) 6
DHUTRG3QO086SBEA  PCED_Housing-Utilities 6 Personal consumption expenditures: Services: Housing and utilities (chain-type price index) 6
DTRSRG3Q086SBEA  PCED_TransSvg 6 Personal consumption expenditures: Transportation services (chain-type price index) 6
WPSFD4111 PPLFinConsGds(Food) 6 Producer Price Index by Commodity for Finished Consumer Foods (Index 1982=100) 6
WPSFD49502 PPLFinConsGds 6 Producer Price Index by Commodity for Finished Consumer Goods (Index 1982=100) 6
WPSFD49207 PPLFinGds 6 Producer Price Index by Commodity for Finished Goods (Index 1982=100) 6
WPU0561 Real Price:Oil 6 Producer Price Index by Commodity for Fuels and Related Products and Power: Crude Petroleum (Domestic Production) (Index 1982=100) 6
PPIIDC PPI:IndCom 6 Producer Price Index by Commodity Industrial Commodities (Index 1982=100) 6
WPSID61 PPLIntMat 6 Producer Price Index by Commodity Intermediate Materials: Supplies & Components (Index 1982=100) 6
PPIACO PPI 6 Producer Price Index for All Commodities (Index 1982=100) 6
PPICMM 6 Producer Price Index: Commodities: Metals and metal products: Primary nonferrous metals (Index 1982=100) 6
WPSID62 6 Producer Price Index: Crude Materials for Further Processing (Index 1982=100) 6
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Table 3: (Price Indices continued) Consumer price index-related variables from the price group.

T: data transformation code, where 6 = second difference of log series. G: Group code, where 6

= price index variables.

Table 4: Earnings and productivity variables.

FRED MNEMONIC SW MNEMONIC T DESCRIPTION G
CPIAUCSL CPI 6 Consumer Price Index for All Urban Consumers: All Items (Index 1982-84=100) 6
CPIULFSL 6 Consumer Price Index for All Urban Consumers: All Items Less Food (Index 1982-84=100) 6
CPILFESL CPILFE 6 Consumer Price Index for All Urban Consumers: All Items Less Food & Energy (Index 1982-84=100) 6
CUSRO0000SAOL5 6 Consumer Price Index for All Urban Consumers: All items less medical care (Index 1982-84=100) 6
CUSRO0000SAOL2 6 Consumer Price Index for All Urban Consumers: All items less shelter (Index 1982-84=100) 6
CPIAPPSL 6 Consumer Price Index for All Urban Consumers: Apparel (Index 1982-84=100) 6
CUSRO000SAC 6 Consumer Price Index for All Urban Consumers: Commodities (Index 1982-84=100) 6
CUSRO000SAD 6 Consumer Price Index for All Urban Consumers: Durables (Index 1982-84=100) 6
CPIMEDSL 6 Consumer Price Index for All Urban Consumers: Medical Care (Index 1982-84=100) 6
CUSRO000SAS 6 Consumer Price Index for All Urban Consumers: Services (Index 1982-84=100) 6
CPITRNSL 6 Consumer Price Index for All Urban Consumers: Transportation (Index 1982-84=100) 6

T: data transformation code, where 5 = first

difference of log series, 6 = second difference of log series. G: Group code, where 7 = earnings and

productivity variables.

FRED MNEMONIC SW MNEMONIC T DESCRIPTION G
CES0600000008 6 Average Hourly Earnings of Production and Nonsupervisory Employees: Goods-Producing (Dollars per Hour) 7
RCPHBS CPH:Bus 5 Business Sector: Real Compensation Per Hour (Index 2017=100) 7
OPHPBS OPH:Bus 5 Business Sector: Real Output Per Hour of All Persons (Index 2017=100) 7
ULCBS ULC:Bus 5 Business Sector: Unit Labor Cost (Index 2017=100) 7
COMPRNFB CPH:NFB 5 Nonfarm Business Sector: Real Compensation Per Hour (Index 2017=100) 7
OPHNFB OPH:nfb 5 Nonfarm Business Sector: Real Output Per Hour of All Persons (Index 2017=100) 7
ULCNFB ULC:NFB 5 Nonfarm Business Sector: Unit Labor Cost (Index 2017=100) 7
UNLPNBS UNLPay:nfb 5 Nonfarm Business Sector: Unit Nonlabor Payments (Index 2017=100) 7
CES2000000008x Real AHE:Const 5 Real Average Hourly Earnings of Production and Nonsupervisory Employees: Construction (2017 Dollars per Hour), deflated by Core PCE 7
CES3000000008x Real AHE:MFG 5 Real Average Hourly Earnings of Production and Nonsupervisory Employees: Manufacturing (2017 Dollars per Hour), deflated by Core PCE 7

47



Table 5: Interest rates variables. T: data transformation code, where 1 = no transformation, 2 =

first difference. G: Group code, where 8 = interest rate variables.

FRED MNEMONIC SW MNEMONIC T DESCRIPTION G
GS1TB3Mx GS1_th3m 1 1-Year Treasury Constant Maturity Minus 3-Month Treasury Bill, secondary market (Percent) 8
GS1 TB-1YR 2 1-Year Treasury Constant Maturity Rate (Percent) 8
GS10TB3Mx GS10_th3m 1 10-Year Treasury Constant Maturity Minus 3-Month Treasury Bill, secondary market (Percent) 8
GS10 TB-10YR 2 10-Year Treasury Constant Maturity Rate (Percent) 8
TB3MS TB-3Mth 2 3-Month Treasury Bill: Secondary Market Rate (Percent) 8
TB3SMFFM 1 3-Month Treasury Constant Maturity Minus Federal Funds Rate 8
T5YFFM 1 5-Year Treasury Constant Maturity Minus Federal Funds Rate 8
GS5 2 5-Year Treasury Constant Maturity Rate 8
TB6M3Mx th6m_th3m 1 6-Month Treasury Bill Minus 3-Month Treasury Bill, secondary market (Percent) 8
TB6MS TM-6MTH 2 6-Month Treasury Bill: Secondary Market Rate (Percent) 8
FEDFUNDS FedFunds 2 Effective Federal Funds Rate (Percent) 8
AAAFFM 1 Moody’s Seasoned Aaa Corporate Bond Minus Federal Funds Rate 8
AAA AAA Bond 2 Moody’s Seasoned Aaa Corporate Bond Yield(©) (Percent) 8
BAA10OYM BAA_GS10 1 Moody’s Seasoned Baa Corporate Bond Yield Relative to Yield on 10-Year Treasury Constant Maturity (Percent) 8
BAA BAA Bond 2 Moody’s Seasoned Baa Corporate Bond Yield (Percent) 8

Table 6: Money and credit variables. T: data transformation code, where 5 = first difference of log

series, 6 = second difference of log series, 7 = the difference in return series, i.e. A(z;/z;—q —1).

G: Group code, where 9 = money and credit variables.

FRED MNEMONIC SW MNEMONIC T DESCRIPTION G
DTCOLNVHFNM 6 Consumer Motor Vehicle Loans Outstanding Owned by Finance Companies (Millions of Dollars) 9
BUSLOANSx Real C&Lloand 5 Real Commercial and Industrial Loans, All Commercial Banks (Billions of 2017 U.S. Dollars), deflated by Core PCE 9
CONSUMERx Real ConsLoans 5 Real Consumer Loans at All Commercial Banks (Billions of 2017 U.S. Dollars), deflated by Core PCE 9
MIREAL Real m1 5 Real M1 Money Stock (Billions of 1982-84 Dollars), deflated by CPI 9
M2REAL Real m2 5  Real M2 Money Stock (Billions of 1982-84 Dollars), deflated by CPI 9
REALLNx Real LoansRealEst 5 Real Real Estate Loans, All Commercial Banks (Billions of 2017 U.S. Dollars), deflated by Core PCE 9
NONBORRES 7 Reserves Of Depository Institutions, Nonborrowed (Millions of Dollars) 9
INVEST 6 Securities in Bank Credit at All Commercial Banks (Billions of Dollars) 9
BOGMBASEREALx Real Mbase 5 St. Louis Adjusted Monetary Base (Billions of 1982-84 Dollars), deflated by CPI 9
TOTALSLx Real ConsuCred 5 Total Consumer Credit Outstanding, deflated by Core PCE 9
DTCTHFNM 6 Total Consumer Loans and Leases Outstanding Owned and Securitized by Finance Companies (Millions of Dollars) 9
NONREVSLx Real NonRevCredit 5  Total Real Nonrevolving Credit Owned and Securitized, Outstanding (Billions of Dollars), deflated by Core PCE 9
TOTRESNS 6 Total Reserves of Depository Institutions (Billions of Dollars) 9
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Table 7: Household and non-household balance sheet variables.

where 1 = no transformation, 2 = first difference, and 5 = first difference of log series.

T: data transformation code,
G:

Group code, where 10 = household balance sheet variables and 14 = non-household balance sheet

variables

FRED MNEMONIC SW MNEMONIC T DESCRIPTION G
LIABPIx liab_PDISA 5 Liabilities of Households and Nonprofit Organizations Relative to Personal Disposable Income (Percent) 10
NWPIx W_PDISA 1 Net Worth of Households and Nonprofit Organizations Relative to Disposable Personal Income (Percent) 10
CONSPIx 2 Nonrevolving consumer credit to Personal Income 10
TARESAx Real HHW:TA_RESA 5 Real Assets of Households and Nonprofit Organizations excluding Real Estate Assets (Billions of 2017 Dollars), deflated by Core PCE 10
TNWBSHNOx Real HHW:WSA 5 Real Net Worth of Households and Nonprofit Organizations (Billions of 2017 Dollars). deflated by Core PCE 10
HNOREMQ027Sx Real HHW:RESA 5 Real Real Estate Assets of Households and Nonprofit Organizations (Billions of 2017 Dollars), deflated by Core PCE 10
TABSHNOx Real HHW:TASA 5 Real Total Assets of Households and Nonprofit Organizations (Billions of 2017 Dollars), deflated by Core PCE 10
TFAABSHNOx Real HHW:FinSA 5 Real Total Financial Assets of Households and Nonprofit Organizations (Billions of 2017 Dollars), deflated by Core PCE 10
TLBSHNOx Real HHW:LiabSA 5 Real Total Liabilities of Households and Nonprofit Organizations (Billions of 2017 Dollars), deflated by Core PCE 10
TLBSNNCBBDIx 1 Nonfinancial Corporate Business Sector Liabilities to Disposable Business Income (Percent ) 14
TNWMVBSNNCBBDIx 2 Nonfinancial Corporate Business Sector Net Worth to Disposable Business Income (Percent) 14
TLBSNNBBDIx 1 Nonfinancial Noncorporate Business Sector Liabilities to Disposable Business Income (Percent) 14
TNWBSNNBBDIx 2 Nonfinancial Noncorporate Busine ector Net Worth to Disposable Bu Income (Percent) 14
CNCFx 5 Real Disposable Business Income, Billions of 2017 Dollars (Corporat sh flow with TVA minus taxes on corporate income, deflated by Implicit Price Deflator for Business Sector IPDBS) 14
TTAABSNNCBx 5 Real Nonfinancial Corporate Business Sector s (Billions of 2017 Dollars), Deflated by Implicit Price Deflator for Business Sector IPDBS 14
TLBSNNCBx 5 Real Nonfinancial Corporate Business Sector Liabilities (Billions of 2017 Dollars), Deflated by Implicit Price Deflator for Business Sector IPDBS 14
TNWMVBSNNCBx 5 Real Nonfinancial Corporate Business Sector Net Worth (Billions of 2017 Dollars), Deflated by Implicit Price Deflator for Business Sector IPDBS 14
TABSNNBx 5 Real Nonfinancial Noncorporate Business Sector Assets (Billions of 2017 Dollars). Deflated by Implicit Price Deflator for Business Sector IPDBS 14
TLBSNNBx 5 Real Nonfinancial Noncorporate Business Sector Liabilities (Billions of 2017 Dollars), Deflated by Implicit Price Deflator for Business Sector IPDBS 14
TNWBSNNBx 5 Real Nonfinancial Noncorporate Business Sector Net Worth (Billions of 2017 Dollars), Deflated by Implicit Price Deflator for Business Sector IPDBS 14

Table 8: Exchange rate variables. T: data transformation code,

series. G: Group code, where 11 = exchange rate variables.

FRED MNEMONIC SW MNEMONIC T DESCRIPTION G
EXCAUSx EX rate:Canada 5 Canada / U.S. Foreign Exchange Rate 11
EXJPUSx Ex rate:Japan 5 Japan / U.S. Foreign Exchange Rate 11
EXSZUSx Ex rate:Switz 5 Switzerland / U.S. Foreign Exchange Rate 11
EXUSUKx Ex rate:UK 5 U.S. / UK. Foreign Exchange Rate 11

where 5 = first difference of log

Table 9: Stock market variables and consumer sentiment. T: data transformation code, where 1

= no transformation, 2 = first difference, and 5 = first difference of log series. G: Group code,

where 12 = consumer sentiment variable, and 13 = stock market variables.

FRED MNEMONIC SW MNEMONIC T DESCRIPTION G
UMCSENTx Cons. Expectations 1 University of Michigan: Consumer Sentiment (Index 1st Quarter 1966=100) 12
NIKKEI225 5 Nikkei Stock Average 13
S&P 500 5 S&P’s Common Stock Price Index: Composite 13
S&P div yield 2 S&P’s Composite Common Stock: Dividend Yield 13
S&P PE ratio 5 S&P’s Composite Common Stock: Price-Earnings Ratio 13
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S7 Additional empirical experiment on realized volatility

It is an important task in finance to predict realized volatility (Chen et al., 2010), and this
subsection attempts to tackle this problem by considering the daily realized volatility for N = 46
stocks from January 2, 2012 to December 31, 2013, with sample size T' = 495. The stocks
are from S&P 500 companies with the largest trading volumes on the first day of 2013, and they
cover a wide range of sectors, including communication service, information technology, consumer,
finance, healthcare, materials and energy. The tick-by-tick data are downloaded from the Wharton
Research Data Service (WRDS), and the daily realized volatility is calculated based on five-minute
returns (Andersen et al., 2006). The stationarity can be confirmed for these series by checking
their sample autocorrelation functions, and each sequence is standardized to have zero mean and
unit variance; see the Table [11] information on the 46 stocks.

Algorithm [1] is applied again to search for the VAR sieve estimates, and the running order Tj
is initially set to |v/495]. The AIC chooses the sparsity level s = 4 for most running orders T}
and s = 3 for the others, while the selected lags are always among {1, 3,4, 8}. We may argue that
the movement of market volatility is largely driven by intra-week information, with a bit spillover
effect from the previous week. As a result, the lag order is fixed at Ty = 10, providing two more
lags as a buffer. The ranks and sparsity level selected by the AIC are (ry,re,s) = (3,3,4). The
rolling forecast procedure, used in the macroeconomic application of the main paper, is employed
here as well, reserving the last 10% of the observations for one-step-ahead predictions. Table
presents the mean squared forecast error (MSFE) and model confidence set (MCS) p-values from
the proposed method, alongside the competing methods introduced in Section 5 of the main pa-
per. For VAR-based models, we consider a finite lag order of p = 4. At the suggestion of a
reviewer, we include the Heterogeneous AutoRegressive (HAR) model (Corsi, 2009) as an addi-
tional benchmark for this application. In contrast to the macroeconomic analysis in the main
paper, our preliminary analysis of the realized volatility dataset suggests that the underlying re-
sponse and predictor factors lie within approximately the same low-dimensional space. Therefore,
the proposed model is fitted using the approach outlined in Remark 5, which enforces U, = U,.

As shown in Table [10] the proposed model performs best among all models. This superior per-
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formance, compared to VARMA-based methods, may be due to the non-consecutive nature of
the non-zero lags, which requires greater flexibility in capturing diverse temporal patterns. Addi-
tionally, the realized volatility data exhibit longer temporal dependence, meaning that truncating
the lags may introduce bias, resulting in weaker performance from finite-order VAR models with
p=4.

Table 10: Mean squared forecast errors (MSFE) and mean absolute forecast errors (MAFE) of

our methods and other models on the realized volatility dataset. The best result in each column
is highlighted in bold black font.

Models MSFE  pucs
RW 6.46 0.00
AR(1) 5.00 0.20
AR(2) 4.95 0.20
VAR(1) 5.18 0.03
VAR(2) 5.77  0.03
VAR (¢) 5.24 0.03

VAR (MLR) 506  0.20
VAR (SHORR) 512  0.20
BVAR 541 0.01

VARMA (¢) 521  0.03
VARMA (HLag) 5.21  0.03
Approx VARMA  5.19  0.03

FactorAug Reg 4.82  0.20

HAR 4.75  0.20

Ours 4.68 1.00
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Table 11: Forty six selected S&P 500 stocks. CODE: stock code in the New York Stock Exchange.
NAME: name of company. G: group code, where 1 = communication service, 2 = information
technology, 3 = consumer, 4 = financials, 5 = healthcare, 6 = materials and industrials, and 7 =

energy and utilities.

CODE NAME G CODE NAME G
T AT&T Inc. 1 JPM JPMorgan Chase & Co. 4
NWSA News Corp 1 WFC  Wells Fargo & Company 4
FTR Frontier Communications Parent Inc 1~ MS Morgan Stanley 4
A/ Verizon Communications Inc. 1 AIG American International Group Inc. 4
IPG Interpublic Group of Companies Inc 1  MET  MetLife Inc. 4
MSFT  Microsoft Corporation 2 RF Regions Financial Corp 4
HPQ HP Inc 2 PGR Progressive Corporation 4
INTC  Intel Corporation 2 SCHW Charles Schwab Corporation 4
EMC EMC Instytut Medyczny SA 2 FITB  Fifth Third Bancorp 4
ORCL  Oracle Corporation 2 PFE Pfizer Inc. 5
MU Micron Technology Inc. 2  ABT Abbott Laboratories 5
AMD  Advanced Micro Devices Inc. 2 MRK  Merck & Co. Inc. 5
AAPL  Apple Inc. 2 RAD  Rite Aid Corporation 5
YHOO  Yahoo! Inc. 2 JNJ Johnson & Johnson 5
QCOM Qualcomm Inc 2 AA Alcoa Corp

GLW Corning Incorporated 2 FCX Freeport-McMoRan Inc.

AMAT  Applied Materials Inc. 2 X United States Steel Corporation

F Ford Motor Company 3 GE General Electric Company

LVS Las Vegas Sands Corp. 3 (CSX CSX Corporation

EBAY  eBay Inc. 3 ANR Alpha Natural Resources 7
KO Coca-Cola Company 3 XOM  Exxon Mobil Corporation 7
BAC Bank of America Corp 4 CHK  Chesapeake Energy 7
C Citigroup Inc. 4 EXC Exelon Corporation 7
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